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ABSTRACT

Research efforts on mixed bedrock-alluvial rivers primary focused on the bedrock incision
and very few studies investigated the alluvial morphodynamics of such systems. To the
best of my knowledge none of these models have been considered the spatial variability of
the sediment grain size of the bed surface in mixed bedrock-alluvial reaches and very few
models focused on the spatial changes in alluvial cover within these reaches. Furthermore,
a perusal of the literature on mixed bedrock-alluvial river morphodynamics reveals that
very little information is available on 1) bedform geometry and flow resistances and 2)
sediment sorting patterns in presence of a non-erodible bedrock surface. Understanding the
interactions between flow and sediment transport processes in mixed bedrock-alluvial
reaches is important to e.g. predict the long-term river response to engineering works,
changes in climate and sediment supply; perform large scale sediment budgets; and
determine the quality of the riparian habitat. I thus designed and performed laboratory
experiments to investigate the effects of a model bedrock surface on flow hydraulics and
sediment transport processes. I derived a novel mathematical formulation of mixed
bedrock-alluvial morphodynamics that accounts for the non-uniformity of the bed material.
I implemented this formulation in a one- dimensional model of river morphodynamics.
The experiments revealed that equilibrium in mixed bedrock-alluvial reaches is
characterized by flow acceleration in the streamwise direction when the slope of the
bedrock surface is milder than the equilibrium slope of an alluvial reach transporting the
iv

same discharge and sediment load. The morphodynamic response to this spatial flow
acceleration is characterized by 1) streamwise reduction in the alluvial cover, 2) streamwise
reduction in bedform height, and 3) formation of a pattern of downstream fining of the bed
surface sediment. The morphodynamic model was validated at laboratory scale against the
experimental results. The validated model was then used to study the changes in flow
hydraulics and sediment transport processes in mixed bedrock-alluvial reaches with a
bedrock surface slope that was steeper than the alluvial equilibrium slope of a channel
subjected to the same discharge and sediment supply of the mixed bedrock-alluvial reach
of interest. The numerical results at equilibrium show that in this case flow velocity
decreased on the mixed bedrock-alluvial reach in streamwise direction.

The

morphodynamic effects of this spatial flow deceleration were 1) a streamwise increase in
alluvial cover, and 2) the formation of a pattern of downstream coarsening of the bed
surface sediment. The morphodynamic formulation presented in this dissertation will be
applied at field scale on the gravel bed Buech River, Southeastern France, to study the
impacts of dam construction and gravel mining on a mixed bedrock-alluvial gravel bed
river, and to identify possible restoration strategies to control the observed widespread
erosion and the associated deterioration of the aquatic and riparian habitat.
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CHAPTER 1
INTRODUCTION

This study investigates the flow characteristics and sediment transport processes in
mixed bedrock-alluvial reaches transporting non-uniform sediment. Here I defined mixed
bedrock-alluvial reaches those with more than 5% of the channel bed composed of exposed
bedrock and with the rest of the channel bed covered by a relatively thin layer of alluvium
[Howard, 1998]. Mixed bedrock-alluvial reaches have been frequently observed in upland
areas where the bed material is relatively coarse, is preferentially transported as bedload,
and small scale bedforms such as dunes are generally absent [e.g. Whipple et al., 2000;
Whipple and Tucker, 2002; Whipple, 2004; Sklar and Dietrich, 2004; Turowski et al.,
2007; Gasparini et al., 2007; Chatanantavet and Parker, 2008, 2009; Lamb et al., 2008;
Lague, 2010, 2014; Hodge et al., 2011, 2016; Chatanantavet et al., 2013; Johnson, 2014;
Zhang et al., 2014; Inoue et al., 2014]. Recent field studies demonstrated that mixed
bedrock-alluvial rivers can also be found in lowland areas, where the bed material is
relatively fine, and small scale bedforms are present.
Nittrouer et al. [2011] and Shaw et al. [2013] documented the presence of dune
fields in the mixed bedrock-alluvial reaches of the Mississippi River and of the Wax Lake
Delta distributary channels. Carling et al. [2000a, b] described isolated dunes in the
German Rhine River that migrate on top of an immobile layer of coarse gravel. Tuijnder et
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al. [2009] performed laboratory experiments on the equilibrium characteristics of supply
limited dunes on an immobile gravel layer under steady and uniform hydraulic conditions
and found that the dune height and wavelength increased with the average thickness of the
layer overlying the gravel substratum. These studies, however, do not present any
quantitative estimate of the difference between flow resistances in a fully alluvial and in a
mixed bedrock-alluvial reach with the same formative flow and bed material supply. In
particular, there is a lack of information on how flow resistances associated with bedforms
(form drag) and with bed material grain size (skin friction) differs in alluvial and mixed
bedrock-alluvial reaches. Form drag predictors available in the literature [e.g. Engelund
and Hansen, 1967; Chaubert and Chauvin, 1963; Wright and Parker, 2004] were mostly
determined for fully alluvial systems. Quantitative information on bedform geometry and
sediment sorting patterns in mixed bedrock-alluvial reaches is necessary to adequately
characterize the alluvial morphodynamics, which is important for habitat preservation,
restoration projects and the performance of sediment budgets [Viparelli et al., 2013 and
2015].
Numerical models of mixed bedrock-alluvial river morphodynamics have generally
focused on bedrock incision and the alluvial morphodynamics of these river reaches has
been long overlooked. Only few, recent studies have considered the alluvial
morphodynamics of such systems [Zhang et al., 2014; Viparelli et al., 2015]. Viparelli et
al. [2015] developed a morphodynamic model that can track the transition from an alluvial
to a mixed bedrock-alluvial reach and vice versa and showed that at equilibrium the flow
cannot be uniform on the mixed bedrock-alluvial reaches. In other words, at equilibrium
flow characteristics in a mixed bedrock-alluvial reaches do not change in time but change
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in space. To the best of my knowledge, the alluvial morphodynamics of mixed bedrockalluvial reaches transporting nonuniform material and the equilibrium sorting patterns
remain poorly studied problems with relevant real works applications. For example,
understanding the spatial changes of the bed surface sediment in mixed bedrock-alluvial
rivers is quite necessary to predict the responses to restoration projects.
Numerous empirical relations have been developed to predict sediment fluxes in
alluvial rivers [see Garcia, 2008 for a thorough review]. Some relations considered uniform
material, others explicitly accounted for the nonuniformity of the bed material. Very few
studies, however, tested these equations in mixed bedrock-alluvial reaches where the
bedrock directly interferes with the in-channel transport processes. Thus, research is
needed to quantify sediment transport processes in mixed bedrock-alluvial systems.
Here I presented the results of laboratory experiments specifically designed to 1)
understand how equilibrium flow characteristics, bedform geometry and bed surface
material spatially change in mixed bedrock-alluvial rivers, and 2) determine if empirical
relations for computing bedload transport in alluvial systems can be reasonably used to
model bedload transport in “relatively mild” mixed bedrock-alluvial reaches. A novel
mathematical formulation describing the alluvial morphodynamics of mixed bedrockalluvial rivers transporting non-uniform bed material was derived and implemented in a
one-dimensional (laterally-averaged) morphodynamic model. This model was validated
against the laboratory data and used to investigate the characteristics of “relatively steep”
mixed bedrock-alluvial reaches.
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This manuscript is organized as follows: in chapter 2, I presented the experimental
work and the analysis of the results. In chapter 3, I presented the mathematical formulation
for the alluvial morphodynamics of mixed bedrock-alluvial rivers transporting nonuniform sediment, its validation at laboratory scale in a “relatively mild” flume, and the
application to “relatively steep” mixed bedrock-alluvial reaches. I then discussed the
results. The general conclusions and the future work are briefly discussed in Chapter 4.
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CHAPTER 2
ALLUVIAL MORPHODYNAMICS OF MIXED BEDROCK-ALLUVIAL REACHES
TRANSPORTING MIXED-SIZE SAND. LABORATORY EXPERIMENT

2.1 Introduction
Studies on the morphodynamics of bedrock and mixed bedrock-alluvial rivers have
primarily focused on bedrock incision (e.g. Whipple et al., 2000; Whipple and Tucker,
2002; Whipple, 2004; Sklar and Dietrich, 2004; Turowski et al., 2007; Gasparini et al.,
2007; Chatanantavet and Parker, 2008, 2009; Lamb et al., 2008; Lague, 2010, 2014; Hodge
et al., 2011, 2016; Chatanantavet et al., 2013; Johnson, 2014; Inoue et al., 2014; Zhang et
al., 2015), while the alluvial morphodynamics of mixed bedrock-alluvial rivers, which is
important for e.g. habitat preservation, restoration projects and the performance of
sediment budgets, has been long overlooked (Johnson and Whipple, 2007 and 2010;
Finnegan et al. 2007, Viparelli et al., 2015). Due to the paucity of field and laboratory data
and the lack of understanding of the interactions between sediment transport processes and
the underlying hardily erodible surface (Carling et al. 2002a, b), there is a paucity of
predictive models to estimate flow resistances and sediment fluxes in mixed bedrockalluvial rivers. Very limited quantitative information is also available to account for the
non-uniformity of the sediment size distribution in presence of a hardily erodible surface
(Hodge et al., 2011, 2016).
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Nittrouer et al. (2011) and Shaw et al. (2013) documented the presence of dune
fields in the mixed bedrock-alluvial reaches of the Mississippi River and of the Wax Lake
Delta distributary channels. Carling et al. (2000a, b) described isolated dunes in the
German Rhine River migrating on top of an immobile layer of coarse gravel and noticed
that the presence of dunes had an impact on the flow resistances. Tuijnder et al. (2009)
performed laboratory experiments on the equilibrium characteristics of supply limited
dunes on an immobile gravel layer and found that dune height and wavelength increased
with the average thickness of the layer overlying the gravel substratum. These studies,
however, did not propose predictive models to estimate flow resistances and bedform
characteristics in reaches characterized by the interaction between a hardily erodible layer
(bedrock or gravel) and the sediment transport.
Johnson (2014) noticed that to compute flow resistances in mixed bedrock-alluvial
rivers transporting gravel as bed material the different roughness between the areas covered
with alluvium and areas with exposed bedrock should be accounted for. He thus introduced
an equivalent friction coefficient defined as the average friction coefficient of the alluvial
and the bedrock patches (Johnson, 2014). To extend Johnson’s model to rivers with
relatively mild slopes and bed material in the range of pea gravel and sand the presence of
bedforms such as dunes must be accounted for (Van Rijn, 1984).
Zhang et al. (2015) presented the first model of alluvial morphodynamics of mixed
bedrock-alluvial rivers known to the authors that accounts for the coevolution of alluvial
and incisional processes. The key difference between the Zhang et al. (2015) formulation
and previous models of mixed bedrock-alluvial river morphodynamics is in the calculation
of the alluvial cover, i.e., the average aerial fraction of the channel bed covered with
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alluvium, which controls bedrock incision and alluvial processes (Sklar and Dietrich,
2004). In particular, Zhang et al. (2015) expressed the alluvial cover as a function of the
geometric characteristics of the bedrock surface and not as the ratio between sediment
supply rate and sediment transport capacity (Sklar and Dietrich, 2004).
Viparelli et al. (2015) modified the Zhang et al. (2015) formulation to study the
impacts of land-building engineered diversions on the lowermost Mississippi River, which
is a sand bed river with exposed bedrock and dune fields in the alluvial portion of the
channel bed (e.g. Nittrouer et al. 2011). In particular, Viparelli et al. (2015) defined a
minimum thickness of alluvial cover for complete alluviation of the channel bed based on
dune height during floods. In this way they accounted for the geometric characteristics of
the dune fields, which were hypothesized to have a significant influence on sand load
calculations. Due to the lack of information on the influence of the bedrock surface on
dune geometry, however, Viparelli et al. (2015) used a formulation to partition the flow
resistances between skin friction and form drag in fully alluvial rivers (Wright and Parker,
2004). This formulation should have probably been modified to account for 1) the
interactions between the hardily erodible bedrock surface and the migrating bedforms in
the form drag calculations, and 2) the flow resistances associated with exposed bedrock
(Johnson, 2014).
Here I presented the results of laboratory experiments specifically designed to study
the interaction between a non-erodible surface (the model bedrock) and sediment transport
processes in terms of 1) bedform geometry, 2) longitudinal sediment sorting patterns and
3) flow resistances. The experiments were performed in a sediment feed flume and the
analysis focused on equilibrium conditions, i.e., conditions in which the elevation of the
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alluvium averaged over a series of bedforms did not change in time (Anderson et al., 1975).
Due to the limited length of the experimental facility, the experiments considered the case
of bedload transport. In other words, the interaction between the suspended bed material
load and the bedrock surface was not the scope of the present study.
This chapter is organized as follows, I first reported background information on
one-dimensional morphodynamics models of alluvial and mixed bedrock-alluvial rivers
that are relevant to this study. I then described the laboratory experiments and the relevant
results.

The spatial changes in flow resistances, bedload transport rates, grain size

distribution of bed surface sediment and bedform geometry are discussed and interpreted
using models, procedures and approaches developed to study the morphodynamics of fully
alluvial rivers. This exercise shows that methods and procedures developed for fully
alluvial rivers can be used to model the alluvial morphodynamics of mixed bedrockalluvial systems if the presence of a non-erodible surface is explicitly accounted for in the
calculations.
2.2 Background information on 1D models of alluvial morphodynamics relevant to the
present study
Here I considered the case of a low slope river transporting sand and/or pea gravel,
i.e. a system in which small scale bedforms such as dunes are likely present. The problem
is simplified with assumptions and approximations that are at the base of most onedimensional models of river morphodynamics. Some of these assumptions can be easily
relaxed for site specific applications (e.g. Viparelli et al., 2011, 2015).

8

The river reach is modeled as a sediment feed flume analog, i.e. water and sediment
are fed from upstream at a specified rate and streamwise changes in flow discharge and
sediment supply are not considered (Blom et al., 2016). The channel has a rectangular cross
section of constant width. The exchange of sediment between the river channel and the
floodplain is not accounted for. The slope of the bedrock surface, Sb, is assumed to be
constant in space and time. I also assumed
1) absence of subsidence, uplift and sea level changes,
2) uniform bed material,
3) no abrasion of gravel particles, and
4) equal friction coefficient for the alluvial and the bedrock areas.
In other words, due to the lack of predictive models linking bedform geometry and
grain size distribution of the bed surface sediment with the presence of a non-erodible
substrate, I did not consider the changes in roughness from fully alluvial to mixed bedrockalluvial reaches. The experiments presented hereinafter provide novel and quantitative
insight on how to relax assumptions (2) and (4).
Let’s consider a sediment feed flume with a model bedrock reach and no alluvial
cover (Figure 2.1a). The elevation of the downstream water surface base level is d and
the elevation of the bedrock surface is denoted with b. When water and sediment supply
are turned on, an alluvial deposit with a downstream migrating front forms (Figure 2.1b).
The front eventually reaches the downstream end of the flume and, after sufficiently long
time has elapsed, the system reaches a condition of equilibrium in which the average
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elevation of the alluvial deposit, a, the slope of the alluvial reach and the water depth
remain constant over time scales that are long compared to the time scales associated with
bedform migration (Figure 2.1c) (Anderson et al., 1975; Parker, 2004).
Alluvial equilibrium
In alluvial rivers, the spatial and temporal evolution of an alluvial deposit is
modeled with the Exner equation of conservation of bed material that, in a one-dimensional
problem such as the experimental flume considered herein, takes the form

(1 − 𝜆𝑝 )

𝜕𝜂𝑎
𝜕𝑞𝑏𝑚
=−
𝜕𝑡
𝜕𝑥

(2-1)

where p denotes the bed porosity, t and x respectively are temporal and streamwise
coordinates, and qbm represents the volumetric bed material load per unit channel width,
which is equal to the bed material transport capacity of the flow. It is important to note
that qbm represents temporal average over time scales that are long compared to the time
scales characterizing bedform migration and bed material transport (Anderson et al., 1975).
At equilibrium, the time rate of change of the deposit elevation a is equal to zero. Thus,
the bed material load is equal to the bed material transport capacity and to the bed material
feed rate (equation 2-1).
The bed material transport capacity is generally computed with empirical relations
linking qbm to the Shields number *, i.e., the non-dimensional bed shear stress defined as

b/RgD, with b denoting the bed shear stress, D the characteristic grain size of the bed
material,  the water density and R the submerged specific gravity of the bed material
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(Garcia, 2008). In particular, the bed material transport capacity is modeled with increasing
functions of * (Garcia, 2008). Recalling that at equilibrium qbm does not change in space
and time, the equilibrium bed shear stress b has to be constant in the streamwise direction
and in time. In other words, at alluvial equilibrium the flow can be modeled as steady and
uniform over time scales that are long compared to the time scales of bedform migration
(Anderson et al., 1975; Parker, 2004).
Equilibrium with a stable alluvial-bedrock transition
When the vertical distance between the downstream water surface base level and
the bedrock is sufficiently small, the river reaches equilibrium conditions with exposed
bedrock and steady but non-uniform flow (Viparelli et al., 2015). By defining a minimum
thickness of alluvial cover for complete alluviation of the channel bed, Lac, such that b +
Lac represents the minimum elevation of the alluvial deposit for complete alluviation of the
channel bed, when a > b + Lac, the reach is defined to be alluvial. When a < b + Lac
the reach is defined to be bedrock. In this formulation, an alluvial-bedrock or a bedrockalluvial transition occurs when a = b + Lac (Figure 2.1d).
If the downstream water surface base level, d, is greater than the sum of the alluvial
equilibrium flow depth Ho, Lac and bd, with bd denoting the elevation of the bedrock
surface at the downstream end of the flume, conditions of alluvial equilibrium can be
obtained. When d < Ho + Lac + bd exposed bedrock may characterize the equilibrium
configuration of the model reach. In particular, if the slope of the bedrock surface Sb is
smaller than the slope of an alluvial equilibrium reach subject to the same flow rate and
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sediment supply of the bedrock reach, So, a stable alluvial-bedrock transition forms as
illustrated in Figure 2.1d (Viparelli et al., 2015).
In the alluvial reach of Figure 2.1d the equilibrium bed slope is equal to So, the
equilibrium flow depth is equal to Ho and the equilibrium bed material load is equal to the
bed material transport capacity and to the feed rate. In the bedrock reach of Figure 2.1d,
the limited vertical distance between the downstream water surface base level and the
bedrock surface forces the equilibrium flow depth to decrease in the streamwise direction,
i.e., downstream of a stable alluvial-bedrock transition the flow accelerates in space
(Viparelli et al., 2015).
Recalling that the bed shear stress b = CfU2, with Cf denoting a non-dimensional
friction coefficient and U the mean flow velocity (Parker, 2004), if Cf is assumed to be the
same in the alluvial and in the mixed bedrock-alluvial reaches (assumption 4), and U
increases in the flow direction, the bed shear stress and the bed material transport capacity
also increase in the streamwise direction. At equilibrium, however, the bed material load
must be equal to the feed rate to satisfy sediment mass balance, and thus the bed material
load in the mixed bedrock-alluvial reach should be smaller than the transport capacity.
The bed material load in mixed bedrock-alluvial reaches is generally modeled as
the product of the bed material transport capacity qc and the alluvial cover pc, i.e., qbm =
pcqc (Sklar and Dietrich, 2004; Zhang et al., 2015). Thus, if the friction coefficient Cf is
assumed to be same in alluvial and mixed bedrock-alluvial reaches, the streamwise
increasing bed material transport capacity downstream of a stable alluvial-bedrock
transition should be balanced by pc decreasing in the flow direction (Viparelli et al., 2015).
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In other words, models of alluvial morphodynamics predict that downstream of a stable
alluvial-bedrock transition the fraction of the channel bed covered with alluvium decreases
in the flow direction, unless spatial changes in Cf are accounted for in the calculations.
Subsidence, uplift and changes in downstream water surface base level (assumption
1) result in a change in distance between the downstream water surface base level and the
bedrock surface. If this distance increases (subsidence and base level rise), the alluvialbedrock transition will migrate downstream. Conversely, it is reasonable to expect an
upstream migration of the alluvial-bedrock transition in the case of base level fall and
uplift.
2.3 Overview on the experiments
I performed the experiments in the 13 m long, 0.50 m wide and 0.9 m deep
horizontal sediment feed flume in the Hydraulics Laboratory of Civil and Environmental
Engineering Department at the University of South Carolina. A 6 m long and 0.19 m wide
test reach was built with marine plywood to perform experiments on bedload transport.
The entire flume length could not be used because the downstream most possible location
for the sediment trap was at 8.5 m from the flume entrance. The cross section in the
upstream part of the flume was gradually narrowed from 0.5 m to 0.19 m to reduce the
likelihood of having three-dimensional bedforms and to limit the volume of sediment used
in the experiments. This gradual reduction of the cross section occupied the first 2.5 m of
the flume, leaving a 6 m long test reach.
The downstream water surface elevation was controlled with a tailgate. The
constant flow rate was supplied from the head tank of the laboratory and measured with a
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calibrated orifice plate. The model bedrock surface was a horizontal (Sb = 0) sheet of white
plywood glued on to the bottom of the flume. Details on the experimental facility are
available through the wiki page of the Sediment Experimentalists Network at
http://sedexp.net/content/university-south-carolina-columbia-hydraulics-laboratory.
The experiments were performed with two types of sand: uniform sand with
geometric mean diameter Dg = 1.11 mm and geometric standard deviation g = 1.44, and
non-uniform sand with Dg = 0.87 mm, and g = 1.69. The grain size distribution of the
sand used in the experiments is presented in Figure 2.2, where the grey line represents the
size distribution of the uniform sand and the black line is the size distribution of the nonuniform sand. These materials were chosen to prevent suspended sediment transport and
the formation of small-scale ripples.
I designed four groups of paired experimental runs (Run 1-8) summarized in Table
2.1 in terms of flow and sediment feed rates, downstream water surface elevation and sand
type. Each pair of runs had the same flow rate, feed rate and sediment type, but differed
for the downstream water surface base level, which dictated if mobile bed equilibrium was
either fully alluvial or had a stable alluvial-bedrock transition. In the last column of Table
2.1 I reported whether the equilibrium was fully alluvial or had exposed bedrock.
The initial conditions of the experimental runs varied from one run to the other. The
fully alluvial runs commenced with no alluvial deposit (Figure 2.1a). The runs with an
equilibrium bedrock reach commenced with the alluvial equilibrium deposit obtained for
the same flow and sediment feed rates (Figure 2.1c). The downstream water surface base
level was gradually lowered to obtain a stable alluvial-bedrock transition at approximately
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2 m from the flume entrance (Figure 2.1d), as further discussed in the result section. Noting
that equilibrium conditions in a sediment feed flume are not dependent on the initial
conditions, the initial conditions of the experimental runs did not influence the results
presented below (Parker and Wilcock, 1993).
2.3.1 Experimental procedure
During each run, 20-minute long series of water surface elevation measurements
were periodically recorded with Baumer sonar probes at 0.2 m, 1.9 m, 3.9 m and 5.95 m
from the test reach entrance. The average water surface elevation was then calculated at
each location. When the percent error between two consecutive water surface elevation
measurements at the same location became smaller than 5%, I assumed that the system
reached conditions of equilibrium.
At equilibrium, 20-minute long series of water surface elevation measurements
were recorded at eight locations, i.e., 0 m, 0.3 m, 1 m, 2 m, 3 m, 4 m, 5 m and 6 m from
the test reach entrance, and 30-minute long series of bed elevation measurements were
recorded with a JSR ultrasonic sonar pulser (Wong et al., 2007) at 16 locations, i.e., 0.21
m, 0.51 m, 0.81 m, 1.21 m, 1.51 m, 1.81 m, 2.21 m, 2.51 m, 2.81 m, 3.21 m, 3.51 m, 3.81
m, 4.81 m, 5.21 m, 5.51 m and 5.81 m from the test reach entrance, to determine the average
bed elevation, characterize bedform geometry and alluvial cover fraction. Then the
experiment terminated.
The duration of the water surface elevation measurements was chosen by
comparing water surface elevation estimates for different time intervals. The results of this
analysis are presented in terms of mean and standard deviation of the water surface
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elevation measurements in Table 2.2 for the cross section located 5 m downstream of the
test reach entrance during a fully alluvial run with flow rate of 20 l/s and sediment feed
rate of 400 g/min (Run 5).
Table 2.2 shows that the mean and standard deviation of the water surface elevation
varied as the measurement duration increased from 5 to 25 minutes. The columns called
error represent the percent error between the mean and the standard deviation for 5, 10, 15
and 20-minute long measurements, and the values of the 25-minute long measurement
which were assumed to be our best estimate of the water surface elevation. After 20 minutes
of measurement time the errors did not exceed 1%, i.e., 20 minutes was a sufficiently long
measurement time to reasonably determine the water surface elevation. The same
procedure was repeated for the bed elevation measurements and a duration of 30 minutes
was chosen.
At the end of each experiment, I took pictures of the bed surface and sampled it to
characterize the spatial changes in grain size distribution of the surface sediment. Each
sample was 25 cm long and 19 cm wide and was collected by siphoning the deposit surface.
The definition of bed surface in presence of bedforms is not straightforward. It can be
defined as the 1-3 grain diameters thick layer of the bedforms stoss face (Blom et al., 2006)
or it can be described as the bed layer with moving bedforms (Viparelli et al., 2013). In
this study I used the latter definition because it was practically impossible to define a 1-3
diameter thick layer in the runs with exposed bedrock where portions of the channel bed
were not entirely covered with alluvium. In other words, in the mixed bedrock-alluvial
reaches, I assumed that the entire deposit represented the bed surface. Each sediment
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sample was dried in the oven and then the grain size distribution was measured with sieve
analysis.
2.3.2 Calculation of the flow characteristics at equilibrium
Equilibrium flow depths and velocities were determined from the measurements of
water surface and bed elevation. Because water surface and bed elevation were measured
in different locations, water surface elevation measurements were linearly interpolated to
compute the flow depth H as the difference between the (interpolated) average water
surface elevation and the measured bed elevations. The flow velocity U was then estimated
as the ratio between the flow discharge and the cross-sectional area.
2.4 Results
The experimental results are presented in two sections: alluvial equilibrium, and
equilibrium with exposed bedrock. Equilibrium conditions are described in terms of
streamwise changes in standard deviation of the time series of bed elevation, water depth,
and geometric mean grain size of the bed surface sediment. Measurements of water surface
elevation and slope allowed us to characterize the spatial changes in flow velocity and
resistances at equilibrium.
At equilibrium, the standard deviation of the time series of bed elevation  is a
measure of the variability of the bed elevation around its mean value, which is constant in
time. In the case of equilibrium lower regime plane bed (i.e., no bedforms) 𝜎𝜂 increases
with increasing bed shear stress (Wong et al., 2007). Here I used 𝜎𝜂 to quantify the
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variability of bed elevation associated with bedload transport and downstream migrating
bedforms.
The time series of bed elevation presented in Figure 2.3a was recorded at
equilibrium during Run 3, i.e., the alluvial run with flow rate equal to 20 l/s, feed rate equal
to 700 g/min and non-uniform bed material. The dashed grey line in Figure 2.3a represents
the average bed elevation above the model bedrock. Two types of bed elevation changes
can be identified, small amplitude, high frequency changes associated with bedload
transport (Wong et al., 2007) and high amplitude, low frequency changes associated with
downstream migrating bedforms. Figure 2.3a clearly shows that the magnitude of the bed
elevation changes associated with bedform migration is orders of magnitude larger than
the magnitude of the bed elevation changes associated with bedload transport, thus I used

 to characterize the bedform height: 𝜎𝜂 is largest in the experimental runs with largest
bedforms.
In previous studies of mixed bedrock-alluvial river morphodynamics the alluvial
cover fraction was defined as the aerial fraction of the bed covered with alluvium (Hodge
et al., 2011; Inoue et al., 2014; Johnson, 2014). Due to the lack of sufficiently long time
series of bed surface pictures, I defined the alluvial cover fraction based on the time series
of bed elevation. A time series of equilibrium bed elevation in a mixed bedrock-alluvial
reach is presented in Figure 2.3b, where the dashed grey line represents the mean bed
elevation. The time series of Figure 2.3b was measured during Run 4, i.e., the run with
flow rate equal to 20 l/s. feed rate equal to 700 g/min, non-uniform bed material and
exposed bedrock at equilibrium. The high values of bed elevation correspond to periods
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in which the bed was covered with alluvium, and the nearly constant low values of bed
elevation identify periods of time in which the model bedrock was exposed.
Based on this information, I defined the alluvial cover fraction as the average
fraction of time in which the model bedrock was covered with alluvium. Given the very
limited changes in bedform shape within the 19 cm wide cross section, I assumed that the
point measurement of alluvial cover fraction was representative of the entire cross section.
2.4.1 Alluvial equilibrium
The results of the alluvial equilibrium runs are presented in Figure 2.4 in terms of
streamwise changes in 1) standard deviation of bed elevation 𝜎𝜂 (a, c, f, i), 2) average water
depth H (b, d, g, j), and 3) geometric mean diameter of the bed surface sediment, Dsg, (e,
h, k). The results of the run with uniform sand, flow rate equal to 20 l/s and feed rate equal
to 700 g/min (Run 1) are presented in panels a and b. The results of the runs with nonuniform sand are in panels c-k. The results of Run 3, which had the same flow rate and
feed rate of Run 1, are in panels c-e. Panels e-g summarize the results of the alluvial
equilibrium run with flow rate equal to 20 l/s and feed rate equal to 400 g/min (Run 5); and
panels i-k report the results of the alluvial equilibrium with flow rate equal to 10 l/s and
feed rate equal to 400 g/min (Run 7). In Figure 2.4 the symbols denote measurements, the
continuous lines are regression lines through the experimental points and the dashed grey
lines in panels e, h and k represent the geometric mean diameter of the sediment feed.
The values of 𝜎𝜂 in Figure 2.4 revealed that the equilibrium bedform amplitude was
not constant in the streamwise direction, as indicated with the red ovals in Figure 2.4 (a, c,
f, i). In the upstream part of the test reach the bed was covered with relatively small
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bedforms that grew as they moved in the streamwise direction until their heights and
wavelengths became uniform for the rest of the flume length. The streamwise changes in
equilibrium bedform height is shown in Figure 2.5 for Run 3, in terms of time series of bed
elevation measurements (black lines). The dashed grey lines of Figure 2.5 represent the
mean bed elevation. A time series collected in the upstream part of the test reach (1.81 m
from the test reach entrance) is presented in Figure 2.5a, and a series collected in the
downstream part of the flume (5.21 m from the test reach entrance) is in Figure 2.5b. The
comparison between panels a and b clearly shows that the bedform height in the upstream
part of the flume was smaller than in the downstream reach.
The region of the test reach in which the bedform amplitude grew in the streamwise
direction is here called bedform development region and it is indicated with ovals in Figure
2.4. It is interesting to note that in the runs with non-uniform sediment (Figure 2.4c, f, and
i) the bedform development region was ~2 m long while in Run 1 (Figure 2.4a), which was
performed with uniform sand and the same flow and feed rates of Run 3, the bedform
development region was ~4.5 m long.
The equilibrium flow depth is presented in Figure 2.4 (b, d, g and j). In all the
experiments, the water depth increased in the streamwise direction in the bedform
development region, and it became constant in space where the bedforms were fully
developed. In the bedform development region 𝜎𝜂 , and thus the flow resistances, increased
in the flow direction and this corresponded to increasing flow depths. The slopes of the
regression lines of Figure 2.4 (b, d, g, j) are smaller than 0.001 m/m showing that water
depth can be reasonably considered uniform downstream of the bedform development
region.
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The equilibrium Dsg is presented in Figure 2.4 (e, h, k) where the dashed grey lines
represent the geometric mean size of the sediment feed and the slopes of the regression
lines are smaller than 0.01 mm/m. The equilibrium bed surface was generally coarser than
the sediment supply to regulate the mobility of the fine and coarse sediment (Parker and
Klingeman, 1982; Paola et al. 1992). In the fully alluvial reach downstream of the bedform
development region the equilibrium Dsg did not change in space.
2.4.2 Equilibrium with exposed bedrock
The results of the experiments with an equilibrium mixed bedrock-alluvial reach
are summarized in Figure 2.6, which is analogous to Figure 2.4. Equilibrium data are
presented in terms of streamwise changes in standard deviation of bed elevation 𝜎𝜂 (a, c,
f, i), water depth H (b, d, g, j) and geometric mean diameter of the bed surface sediment
Dsg (e, h, k). The results of the run with uniform sediment, flow rate equal to 20 l/s and
feed rate equal to 700 g/min (Run 2) are in panels a-b. The results of the runs with nonuniform sand are in panels c-k. The results presented in panels c-e pertain to the run with
flow rate equal to 20 l/s and feed rate equal to 700 g/min (Run 4). Panels f-h summarize
the results of the run with flow rate equal to 20 l/s and feed rate equal to 400 g/min (Run
6). The results of the run with flow rate equal to 10 l/s and feed rate equal to 400 g/min
(Run 8) are in panels i-k. In Figure 2.6 the symbols represent the experimental points, the
grey lines are regression lines through the experimental points, the vertical lines denote the
position of the stable alluvial-bedrock transition, and the black continuous lines denote
equilibrium values for the paired (same flow rate, feed rate and sediment type, see Table
2.1) alluvial experiment downstream of the bedform development region.
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Due to the limited length of the test reach, the downstream water surface base level
in the mixed bedrock-alluvial runs was chosen so that the length of the alluvial reaches was
of comparable length with the bedform development region observed in the fully alluvial
runs with non-uniform bed material, i.e., ~ 2 m (Figure 2.4).
Figure 2.6 (a, c, f, i) shows the streamwise variation of 𝜎𝜂 at equilibrium. In Run
2 (Figure 2.6a) 𝜎𝜂 grew in the alluvial reach with values that were comparable with those
measured in the paired fully alluvial equilibrium run (Run 1). Due to the interaction with
the model bedrock 𝜎𝜂 decreased in the flow direction in the mixed bedrock-alluvial reach
(0.051 m/m). A similar streamwise decrease of 𝜎𝜂 (0.07 m/m) was observed in Run 8 (flow
rate 10 l/s and feed rate 400 g/min, Figure 2.6i). In Run 4, which was performed with the
same flow rate and feed rate of Run 2 but with non-uniform sand, 𝜎𝜂 was smaller than in
the paired fully alluvial run and gently (0.022 m/m) decreased in the streamwise direction
in the mixed bedrock-alluvial reach. Finally, in Run 6 with flow rate equal to 20 l/s and
feed rate equal to 400 g/min 𝜎𝜂 did not seem to significantly change from the alluvial
equilibrium value and remained uniform in the mixed bedrock-alluvial reach (0.009 m/m)
(Figure 2.6f).
Panels b, d, g, j show the changes in water depth in the mixed bedrock-alluvial
reaches compared to the fully alluvial cases. In the runs with feed rate equal to 700 g/min,
i.e. Run 2 and Run 4 (Figure 2.6 b, d), a change in water depth compared to the paired fully
alluvial runs is clearly visible. In particular, in the run with uniform bed material (Run 2)
the water depth at the end of the alluvial reach was similar to the water depth in the
corresponding fully alluvial run (Run1) and the interaction with the model bedrock resulted
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in a water depth that decreased in the flow direction of 0.0028 m/m (Figure 2.6b). In the
run with non-uniform bed material and a feed rate equal to 700 g/min (Run 4), the water
depth at the end of the alluvial reach was smaller than in the paired alluvial run (Run 3)
and then it gently decreased (0.0019 m/m) in the streamwise direction in the mixed
bedrock-alluvial reach (Figure 2.6d). In the runs with a feed rate equal to 400 g/min, i.e.,
Run 6 and 8, (Figure 2.6 g and j) the water depths decreased very gently in the flow
direction in the mixed bedrock-alluvial reach (0.0018 m/m in run 6 and 0.0023 m/m in Run
8).
The response of the flow to the presence of the model bedrock in the experimental
runs showed that the distance between the water surface base level and the bedrock plays
a prime control on the flow characteristics in the mixed bedrock-alluvial reach. In Runs 2
and 4 the distance between the water surface base level and the model bedrock was
respectively equal to 80% and 90% of the alluvial equilibrium depth in the paired runs Ho,
and this forced the equilibrium flow depth to clearly decrease in the streamwise direction
compared to the fully alluvial case. In Runs 6 and 8 the distance between the water surface
base level and the model bedrock was respectively equal to 0.97Ho and Ho, not enough to
cause a visible flow acceleration in our relatively short test reach.
Panels e, h, k show the spatial changes of Dsg in the streamwise direction. In Runs
4 and 8 there was no significant change of Dsg compared to the alluvial equilibrium runs,
but a very mild pattern of downstream fining was observed in Run 4 (0.01 mm/m in Run 4
and 0.0034 mm/m in Run 8). On the contrary, in Run 6 (flow rate 20 l/s and feed rate 400
g/min) a clear pattern of downstream fining was observed in the mixed bedrock-alluvial
reach (0.051 mm/m) (Figure 2.6h). These results suggest that in the runs in which the 𝜎𝜂
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decreased in streamwise direction, i.e., Runs 4 and 8, there was a small streamwise change
of the geometric mean diameter of the surface material compared to the paired alluvial
runs. On the other hand, in the run with 𝜎𝜂 close to the alluvial equilibrium value, a stable
pattern of downstream fining formed on the bed surface.
The spatial change in alluvial cover at equilibrium is presented in Figure 2.7, where
the black crosses refer to Run 2, the grey triangles to Run 4, the black diamonds to Run 6
and the grey circles to Run 8. When the alluvial cover was equal to 1, the reach was fully
alluvial, and exposed bedrock was observed when the alluvial cover is smaller than 1.
Significant changes in alluvial cover fraction between the experimental runs were not
observed suggesting that the streamwise distance between the alluvial-bedrock transition
and the end of the test reach might have had a significant control on the fraction of exposed
bedrock.
2.4.3 Summary of the experimental results
In our experiments the interaction of the bedrock surface with the flow
hydrodynamics and the sediment transport processes varied depending on the vertical
distance between the water surface base level and the bedrock surface. When this distance
was close to the alluvial equilibrium flow depth Ho (Runs 6 and 8) significant streamwise
changes in flow depth and flow velocity from the alluvial equilibrium values were not
observed in the mixed bedrock-alluvial reach. On the contrary, when the vertical distance
between the water surface base level and the underlying model bedrock was significantly
smaller than the alluvial equilibrium depth, a shallower flow depth than in the paired
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alluvial runs and spatial flow acceleration was observed in the mixed bedrock-alluvial
reaches (Figures 2.6b and d).
The observed spatial changes in water depth partially confirm the numerical
predictions of the Viparelli et al. (2015) formulation, i.e., at equilibrium in a low slope
mixed bedrock-alluvial reach downstream of an alluvial-bedrock transition the flow is
characterized by a reduction of the flow depth in the streamwise direction. The results also
showed that the problem is more complex than in the Viparelli et al. (2015) formulation
due to changes in bedform geometry and grain size distribution of the alluvial bed surface,
which may occur with very small changes in flow depth and velocity.
In a sediment feed flume the equilibrium bedload transport rate must be equal to
the sediment feed rate (equation 2-1). Due to the presence of exposed bedrock, the bed
material transport capacity in the mixed bedrock-alluvial reaches should be higher than the
bed material transport capacity in the alluvial reaches (Sklar and Dietrich, 2004; Zhang et
al., 2015). Recalling that the bed material transport capacity is an increasing function of
the bed shear stress associated with skin friction (Fernandez Luque and Van Beek, 1976;
Parker, 2008), I hypothesized that the observed changes in bedform geometry and grain
size distribution of the bed surface sediment result in higher bedload transport capacities
than in the corresponding fully alluvial runs.
The interaction between the flow hydrodynamics, the bedload transport and the
model bedrock resulted in two different responses, a streamwise decrease in 𝜎𝜂 in Runs 2,
4 and 8 and the formation of a stable pattern of downstream fining in Runs 4 and 6. It is
important to note here that in Run 4, both the streamwise decrease in 𝜎𝜂 and the pattern of
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downstream fining were milder than those observed in the other runs, which were either
characterized by a change in 𝜎𝜂 or by downstream fining of the bed surface sediment.
Noting that 1) the vertical distance between the water surface base level and the
model bedrock in Runs 6 and 8 was very close to the alluvial equilibrium values, 2) Run 6
was characterized by uniform 𝜎𝜂 and a stable pattern of downstream fining, and 3)
𝜎𝜂 decreased in the streamwise direction without spatial changes of 𝐷𝑠𝑔 in Run 8, I
hypothesized that the vertical distance between the water surface base level and the bedrock
surface cannot be the only control on bedform regime and the sediment sorting patterns in
the mixed bedrock-alluvial reach.
2.5 Discussion
To test the hypotheses presented above, the discussion section is organized in three
parts. In part 1, I computed the spatial changes in flow resistances and bed shear stresses
in the mixed bedrock-alluvial reach to determine if the observed changes in bedform
geometry and grain size distribution of the bed surface sediment correspond to higher
bedload transport capacities than at alluvial equilibrium. The bed shear stresses computed
in part 1 are then used to determine if size-specific bedload transport relations for fully
alluvial systems can be reasonably applied to model bedload transport of non-uniform
sediment in mixed bedrock-alluvial reaches. Finally, in part 3, I used one of the Vanoni
(1975) bedform diagrams to compare the bedform characteristics observed in the bedrock
reaches with those observed in the paired fully alluvial cases.
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2.5.1 Spatial changes in flow resistances and in bed shear stress in the mixed bedrockalluvial reaches
In the experiments presented in Sections 3 and 4, either the grain size distribution
of the bed surface sediment, the bedform geometry in the mixed bedrock-alluvial reaches,
or both were different from those measured at equilibrium in the paired alluvial runs. I thus
expected that the flow resistances and consequently the bed shear stresses in the mixed
bedrock-alluvial runs are different from their alluvial equilibrium values.
The calculation of the bed shear stress and of the flow resistances was not
straightforward. To account for the different roughness between the smooth sidewalls and
the rough bed the procedure suggested by Vanoni and Brooks (1957) was followed, as
summarized in A.1 of the Appendix A. Further, to distinguish between the bed resistances
associated with the presence of an alluvial bed with exposed bedrock the flow resistances
have been partitioned as illustrated below following Johnson (2014). Finally, the alluvial
resistances have been partitioned between skin friction and form drag with an Einstein
decomposition of the sidewall corrected alluvial values, as illustrated in Appendix A
(Parker, 2004).
The results of this analysis are presented in Figure 2.8 in terms of total, sidewall
corrected friction coefficients in the bed region Cf,b (panels a, d, g, j), friction coefficients
associated with skin friction on the alluvial patches, Cf,bas (panels b, e, h, k) and sediment
transport capacity in mixed bedrock-alluvial reaches QbT (panels c, f, i, l).

The

experimental results of Figure 2.8 (a-c) pertain to Run 2, those in Figure 8 (d-g) to Run 4,
the data in Figure 2.8 (h-j) are of Run 6 and the data in Figure 2.8 (i-l) are from Run 8. The
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red ovals identify the mixed bedrock-alluvial reaches; the horizontal lines represent the
equilibrium values of the corresponding fully alluvial runs.
a) Spatial changes in total (sidewall corrected) bed friction coefficient
Panels a, d, g, j of Figure 2.8 show that the total, sidewall corrected friction
coefficient, Cf,b in the runs with exposed bedrock decreases in the streamwise direction.
There are two reasons associated with this 1) the decrease in roughness height caused by
the downstream fining of the bed surface material (Runs 4 and 6) and by the streamwise
decrease in 𝜎𝜂 (Runs 2, 4 and 8), and 2) an increase of the aerial fraction of the exposed
bedrock, which was characterized by a smaller roughness height than the alluvial patches.
The characteristic roughness height of the model bedrock was ~0.1 mm and the grain
roughness height of the alluvial patches was assumed to be a function of Ds90, i.e., the
diameter such that 90% of the bed surface sediment was finer. Therefore, as the fraction of
exposed bedrock increased, the composite roughness became smaller so that the friction
coefficient decreased in streamwise direction for all mixed bedrock-alluvial runs.
b) Spatial changes in flow resistances associated with skin friction
In the Johnson (2014) formulation to compute flow resistances in mixed bedrockalluvial reaches, the friction coefficient for the bed region was defined as a weighted
average between the friction coefficient for the alluvium and for the exposed bedrock

𝐶𝑓,𝑏 = 𝑝𝑐 𝐶𝑓,𝑏𝑎 + (1 − 𝑝𝑐 )𝐶𝑓,𝑏𝑏

(2-2)

where Cf,ba was the friction coefficient associated with the alluvium and Cf,bb is the friction
coefficient associated with the bedrock. To partition the flow resistances between the
alluvial patches and the exposed bedrock I applied a procedure similar to the procedure
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used to partition the flow resistances in alluvial rivers between skin friction and form drag
(Parker, 2004 and references therein). I considered an ideal flow over a rough bed with the
same roughness of the bedrock surface. The energy slope and mean flow velocity of this
ideal flow were assumed to be equal to the energy slope and the mean flow velocity of the
flow in presence of alluvial patches, i.e., of the experimental runs. The friction coefficient
for the exposed bedrock was thus computed as

−1/2

𝐶𝑓,𝑏𝑏 = 𝛼𝑟 (

𝑟𝑏,𝑏 1⁄
) 6
𝑘𝑠𝑏

(2-3)

with ksb denoting the roughness height of the bedrock (0.1 mm), and rb,b the hydraulic radius
of the ideal flow over the bedrock surface. Using a Manning-Strickler formulation, rb,b
was computed as

1⁄
𝑘𝑠𝑏6 𝑈

3⁄
2

(2-4)

𝑟𝑏,𝑏 = (
)
𝛼𝑟 √𝑔𝑠𝑓

with U being the cross sectionally averaged flow velocity and Sf the friction slope. Using
equations (2-2) - (2-4) I computed the friction coefficient of the alluvial zones, which
accounts for flow resistances associated with both skin friction and form drag Cf,ba. I then
partitioned the alluvial flow resistances between skin friction and form drag, as illustrated
in the Supplementary Information, to estimate the friction coefficient associated with skin
friction Cf,bas, which is necessary to perform bedload transport calculations. Panels b, c, h,
k of Figure 2.8 shows the spatial variation of the friction coefficient associated with skin
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friction for the alluvial areas, which in the mixed bedrock-alluvial reaches is gently
decreasing in streamwise direction.
c) Spatial changes in sediment transport capacity in the mixed bedrock-alluvial reach
The sediment transport capacity QbT was computed with the relation of Ashida and
Michiue as outlined in Parker (2008) for uniform material equal to the geometric mean size
of the sediment feed D as
∗
∗
𝑄𝑏𝑇 = 𝐵√𝑅𝑔𝐷𝐷 ∙ 17(𝜏𝑏𝑎𝑠
− 0.05)(√𝜏𝑏𝑎𝑠
− √0.05)

(2-5)

where B is the flume width, R denotes the submerged specific gravity of the sediment equal
∗
to 1.65 in the calculations presented herein, g is the acceleration of gravity and 𝜏𝑏𝑎𝑠

represents the Shields number on the alluvial patches associated with skin friction, equal
to the Cf,basU2/RgD.
The streamwise variability of QbT in the runs with exposed bedrock is presented in
Figure 2.8 (c, f, i, l). In the mixed bedrock-alluvial reaches QbT clearly increases in the
streamwise direction. This corresponds to the reduction of alluvial cover of Figure 2.7.
The results of Figures (2.6) - (2.8) show that the response of the flow and of the
bedload transport to the presence of an un-erodible surface is more complex than that
presented in Zhang et al. (2015) and Viparelli et al. (2015).

Notwithstanding the

streamwise reduction of the flow resistances (Figure 2.8 a, b, d, e, g, h, j, k), downstream
of the stable alluvial-bedrock transitions the bed material transport capacity tends to
increase in the direction of the flow (Figure 2.8 c, f, i, l).
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2.5.2 Comparison between the experimental results and the Ashida and Michiue bedload
transport relation
To determine if surface-based bedload relations for fully alluvial systems can be
reasonably used to predict grain size specific bedload transport rates in mixed bedrockalluvial reaches, I compared our experimental data with bedload transport rates predicted
using the surface-based version of the Ashida and Michiue relation (Parker, 2008), which
is appropriate to model bedload transport in alluvial reaches transporting sand and pea
gravel.
The surface-based form of the Ashida and Michiue bed load relation takes the form

q*bsi =17( t*bsi - t*refi )( t*bsi - t*refi )

(2-6)

where q*bsi represents dimensionless transport rate per unit width of sediment with
characteristic grain size Di, t*bsi is the size-specific Shields number associated with skin
friction defined as the ratio between the alluvial bed shear stress associated skin friction
and RgDi, with  being the water density, R the submerged specific gravity of the
sediment and g the acceleration of gravity, and t*refi denotes reference Shields number for
the sediment particles with characteristic grain size Di, computed with the following
hiding/exposure function (Parker, 2008)
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(2-7)

in which t scg* is a reference value equal to 0.05.
The grain size specific volumetric bedload transport rate per unit channel width is
computed using the definition of dimensionless transport rate per unit channel width as

qbi = RgDi Di pc Fi q*bsi

(2-8)

where Fi denotes the volume fraction content of sediment with characteristic grain size Di
in the bed surface. The only difference of this relation with relations for fully alluvial
systems is the presence of pc in the right-hand side, which accounts for the reduced
availability of alluvial sediment associated with the presence of exposed bedrock. The total
sediment transport rate per unit width is then computed as the sum of qbi over all the grain
size fractions
𝑛

𝑞𝑏𝑇 = ∑ 𝑞𝑏𝑖

(2-9)

𝑖=1

where n denotes the number of characteristic grain sizes.
The comparison between experimental and computed bedload transport rates is
presented in Figure 2.9, where the black squares represent the alluvial equilibrium
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experiments and the grey triangles refer to equilibrium conditions in the mixed bedrockalluvial reaches. The equilibrium bedload transport rate in the experiments, which was
equal to the sediment feed rate, is on the horizontal axis of Figure 2.9, while the results of
the calculations performed with equations (2-6) - (2-9) are reported on the vertical axis.
The continuous line represents perfect equality and the dashed lines identify the 50% error
from the measured value.
The difference between experimental and predicted values of bedload transport
rates is in the majority of the cases within the ± 50% error, which is comparable with the
error of other bedload transport rate predictors for non-uniform sediment (Parker, 1990;
Wilcock and Crowe, 2003). Thus, the surface-based version of the Ashida and Michiue
bedload transport relation reasonably reproduces the bedload transport rates measured
during the experiments. It is expected that other bedload transport models derived for
alluvial systems can be used to predict the total, i.e., summed over all the grain sizes,
bedload transport rates in mixed bedrock-alluvial rivers if the bedload transport capacity is
multiplied by the alluvial cover fraction (Sklar and Dietrich, 2004).
To determine if the Ashida and Michiue surface-based relation was able to
adequately model the grain size specific sediment fluxes, I used equations (2-6) - (2-9) to
predict the equilibrium grain size distribution of the surface material in the mixed bedrockalluvial reaches, as outlined by Parker and Southard (1990) for fully alluvial systems. The
only difference between the procedure used herein and that presented by Parker and
Southard (1990) is that our grain size specific bedload transport capacities are multiplied
by the alluvial cover fraction pc.
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The comparison between predicted and measured grain size distributions of the bed
surface sediment is presented in Figure 2.10 for three different locations i.e., ~ 0.81 m, ~
2.81 m, and ~ 4.81 m from the test reach entrance. The black diamonds in Figure 2.10
denote experimental measurements, the continuous lines are model predictions and the
error bars indicate 10% error. The comparison between model predictions and
experimental data reveals a reasonably good agreement between measured and predicted
equilibrium grain size distributions of the bed surface sediment in the middle and
downstream locations, i.e., where the bedforms are fully developed. The prediction errors
of the grain size distributions of the bed surface sediment are comparable with those of
surface-based models in alluvial systems (e.g. Parker and Southard, 1990). These results
further confirm that grain size specific bedload transport models derived for fully alluvial
systems can be reasonably used to model grain size specific bedload transport in mixed
bedrock-alluvial reaches if the bed material transport capacities are multiplied by the
alluvial cover.
2.5.3 Changes in bed configuration
To test the hypothesis that the observed changes in 𝜎𝜂 and/or grain size distribution
of the bed surface sediment are not solely controlled by the vertical distance between the
water surface base level and the bedrock surface, I used the Vanoni (1975) diagram for
sediment sizes of 0.93 mm, 1.2 mm and 1.35 mm. The vertical axis of the Vanoni (1975)
diagram is Froude number, defined as U/(gH)0.5 with U denoting the mean flow velocity,
g acceleration of gravity and H the flow depth. The horizontal axis is the ratio between
water depth and grain size of the bed material, set equal to Dsg in the runs with non-uniform
sediment.
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The Vanoni (1975) diagram is presented in Figure 2.11 where the black lines
represent the transition between dunes and antidunes (Vanoni, 1975) and the symbols are
our experimental points. The experimental results of the fully alluvial runs, i.e Runs 1, 3,
5 and 7, are respectively shown with blue, red, green and purple squares. The results of
Run 2 are indicated with blue stars and those of Run 4 with red plus signs, the green
triangles refer to Run 6, and the purple diamonds pertain to Run 8.
In Runs 2, 4 and 8, which were characterized by smaller values of  in the mixed
bedrock-alluvial reaches than in the paired fully alluvial runs, the bedform diagram of
Figure 2.11 suggests that the observed change in bedform shape was associated with a
change in bed configuration from the dune regime toward upper regime plane bed at the
dune-antidune transition. In Run 6 significant changes in 𝜎𝜂 from the alluvial equilibrium
case were not observed and this corresponded to no significant change in the bedform
regime at equilibrium in the mixed bedrock-alluvial reach (green triangles in Figure 2.11).
Recalling that the distance between water surface base level and the bedrock
surface in Runs 2, 4, 6 and 8 was respectively equal to 0.8Ho, 0.9Ho, 0.97Ho and Ho,
respectively, Figure 2.11 suggests that when the distance between the water surface base
level and the bedrock surface is significantly smaller than the alluvial equilibrium flow
depth (Runs 2, blue asterisks, and Run 4, red plusses), the interaction between the bedrock
surface and the bedforms results in bedform configurations that are closer to the duneantidune transition and with smaller bedform heights than in the fully alluvial case. When
the distance between the water surface base level and the bedrock surface is close to the
equilibrium flow depth and the bedform regime is close to the dune-antidune transition
(Run 8, purple diamonds), the interaction between the bedrock surface and the bedforms
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results in bedform characteristics that are closer to antidunes than in the alluvial case.
When the distance between the water surface base level and the bedrock surface is close to
the alluvial equilibrium flow depth and the bedforms are well in the dune regime (Run 6,
green triangles), no changes in 𝜎𝜂 and bedform regime should be expected. Finally, when
the alluvial equilibrium bed configuration is far from the dune-antidune transition (Runs 3
and 5), the formation of a stable pattern of downstream fining in the mixed bedrock-alluvial
reach can be expected (Runs 4 and 6).
New experiments and field data are necessary to confirm these observations and
fully understand the complex interaction between bedload transport of non-uniform
material and bedform characteristics in low slope, sand bed mixed bedrock-alluvial
reaches.
2.6 Conclusions
I performed laboratory experiments on the equilibrium of low slope mixed bedrockalluvial channels transporting non-uniform sand. The experiments provided novel and
quantitative insight on the flow characteristics, bedform geometry, longitudinal sorting
patterns and flow resistances in mixed bedrock-alluvial reaches, notwithstanding the
limited length of the test reach.
In equilibrium mixed bedrock-alluvial reaches downstream of an alluvial-bedrock
transition, i.e., when the slope of the bedrock surface is milder than the equilibrium slope
of an alluvial system subject to the same flow regime and sediment supply, the interaction
between the hardily erodible bedrock, the flow characteristics and the sediment transport
may result in:
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-

flow acceleration (Figure 2.6 b, d, g and j) in the streamwise direction due to
the limited space to store sediment on the channel bed and to convey the flow.
This spatial flow acceleration is associated with a decreasing alluvial cover in
the direction of the flow;

-

changes in bedform geometry compared to the alluvial equilibrium case. In
mixed bedrock-alluvial reaches 𝜎𝜂 tends to be smaller than in the fully alluvial
case and, due to the flow acceleration, it may decrease in the flow direction
(Figure 2.6 a, c, f, i);

-

formation of a stable pattern of downstream fining of the bed surface sediment
in response to the flow acceleration in the mixed bedrock-alluvial reach (Figure
2.6 e, h, k). This can be explained noting that as bedload transport capacity
increases in the streamwise direction, the bed surface tends to become unarmored (Parker and Klinegman, 1982);

The observed streamwise decrease in 𝜎𝜂 and/or bed surface grain size observed in
the experiments results in a streamwise decrease in the flow resistances. This streamwise
decrease of the flow resistances is associated with an increase of the bed material transport
capacity in the mixed bedrock-alluvial reach, which balances the streamwise reduction in
alluvial cover fraction.
Surface-based formulations of grain size specific bedload transport models are able
to reasonably reproduce the grain size specific bedload transport rates in mixed bedrockalluvial reaches, if the alluvial cover is used to balance the higher bedload transport
capacities associated with the spatial flow acceleration.
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The response of the bedforms and of the bed surface sediment to the presence of a
non-erodible surface seems to depend on the vertical distance between the water surface
base level and the bedrock surface and to the bedform regime (Figure 2.11). If the vertical
distance between the water surface base level and the bedrock surface is significantly
smaller than the alluvial equilibrium flow depth or the alluvial equilibrium bedforms in are
close to the dune-antidune transition, a streamwise reduction in 𝜎𝜂 can be expected in the
mixed bedrock-alluvial reach. If the alluvial equilibrium bedforms are well in the dune
regime and the vertical distance between the downstream water surface base level and the
bedrock surface is close to the alluvial equilibrium flow depth, the formation of a stable
pattern of downstream fining of the bed surface sediment in the mixed bedrock-alluvial
reach can be expected.
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Table 2.1 Experimental conditions

Flow
Rate

Feed
Rate

(l/s)

(g/min)

1

20

2

Run

ζd (m)

Grain Size

Condition

700

0.173

Uniform

Fully alluvial

20

700

0.166

Uniform

Mixed bedrock-alluvial

3

20

700

0.164

Non-uniform

Fully alluvial

4

20

700

0.148

Non-uniform

Mixed bedrock-alluvial

5

20

400

0.186

Non-uniform

Fully alluvial

6

20

400

0.177

Non-uniform

Mixed bedrock-alluvial

7

10

400

0.088

Non-uniform

Fully alluvial

8

10

400

0.081

Non-uniform

Mixed bedrock-alluvial
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Table 2.2 Average water surface elevation and standard deviation of the water surface
elevation for different measurement durations in Run 5 at 5 m from the test reach
entrance

Time
(min)

Average water depth

Standard deviation

Value (cm)

Error %

Value (cm)

Error %

5

21.8

0.1

0.28

34.6

10

22.0

0.7

0.35

19.9

15

22.0

0.9

0.36

17.5

20

21.8

0.2

0.44

0.8

25

21.8

0.43
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ηb
Datum
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c)

d)

Water

Water

Ho

Sediment
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Sediment

Alluvial-Bedrock Transition

Lac
ζd

ηa

ζd

ηb

ηa

Datum

ηb

Datum

Figure 2.1 schematic illustration of the evolution of an alluvial deposit in a sediment feed
flume. a) empty flume with standing water, b) alluvial deposit with a downstream
migrating front, c) alluvial equilibrium, d) equilibrium with an alluvial-bedrock
transition. ηb represents the bedrock elevation, ηbd denotes the bedrock elevation at the
downstream end of the channel, η is the alluvial bed surface elevation, Ho is the alluvial
equilibrium water depth, ζd is the water level at the downstream end and Lac represents
the minimum thickness of alluvial cover
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Figure 2.2 Grain size distribution of the material used in the experiments. The grey line is
the uniform material used in Runs 1 and Runs 2. The black line represents the nonuniform material used in Runs 3-8.
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Run 3

a)

Run 4

b)

Figure 2.3 Time series of bed elevation fluctuations (a) Run 3 (700 g/min, 20 l/s, nonuniform material, alluvial run) at 5.21 m from the test reach entrance. (b) Run 4 (700
g/min, 20 l/s, non-uniform material, equilibrium with exposed bedrock) at 5.21 m from
the test reach entrance. The dashed gray line indicates average bed elevation.
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Run 5
(400 gr/min, 20 l/s)
Nonuniform

f)

Run 7
(400 gr/min, 20 l/s)
Nonuniform

i)

Equilibrium standard
deviation of bed elevation (cm)

Equilibrium standard
Equilibrium standard
deviation of bed elevation (cm) deviation of bed elevation (cm)

Run 3
(700 gr/min, 20 l/s)
Nonuniform

c)

Equilibrium standard deviation
of bed elevation (cm)

Run 1
(700 gr/min, 20 l/s)
Uniform

a)

b)

d)

e)

g)

h)

j)

k)

Figure 2.4 Spatial changes in equilibrium standard deviation of the bed elevation, ,
water depth, H, and geometric mean diameter of the surface sediment, Dsg, in the fully
alluvial runs (Runs 1, 3, 5 and 7). Symbols represent the experimental points. The black
lines are the regression lines through the experimental points. The dashed grey line in the
Dsg plots represents the geometric mean size of the sediment feed. Red ovals qualitatively
indicate the bedform development region.

44

Run 3

a)

b)

Figure 2.5 Time series of the bed elevation fluctuations in Run 3 (700 g/min, 20 l/s, nonuniform material, alluvial equilibrium). a) Measurements at 1.81 m from the test reach
entrance. b) Measurements at 5.21 m from the test reach entrance. The solid lines are the
sonar measurements and the dashed grey line is the time averaged bed elevation.
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Equilibrium standard
deviation of bed elevation (cm)

Run 2
(700 gr/min, 20 l/s)
Uniform

a)

Run 8
(400 gr/min, 20 l/s)
Nonuniform

i)

Equilibrium standard
Equilibrium standard
deviation of bed elevation (cm) deviation of bed elevation (cm)

Run 6
(400 gr/min, 20 l/s)
Nonuniform

f)

Equilibrium standard deviation
of bed elevation (cm)

Run 4
(700 gr/min, 20 l/s)
Nonuniform

c)

b)

d)

e)

g)

h)

j)

k)

Figure 2.6 Spatial changes in equilibrium standard deviation of the bed elevation, ,
water depth, H, and geometric mean diameter of the surface sediment, Dsg, in the runs
with exposed bedrock (Runs 2, 4, 6 and 8). Symbols represent the experimental points.
The black lines are the fully alluvial values downstream of the bedform development
region. The dashed green lines indicate the location of the stable alluvial-bedrock
transition. The grey lines are regression lines on the exposed bedrock data points.
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Figure 2.7 Streamwise changes of the equilibrium alluvial cover fraction, pc. Black
pluses, grey triangles, black diamonds and grey circles respectively represent pc for Run 2
(700 g/min, 20 l/s, uniform), Run 4 (700 g/min, 20 l/s, non-uniform), Run 6 (400 g/min,
20 l/s, non-uniform) and Run 8 (400 g/min, 10 l/s, non-uniform).
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Run 2
(700 gr/min, 20 l/s)
Uniform

a)

Run 4
(700 gr/min, 20 l/s)
Nonuniform

d)

Run 6
(400 gr/min, 20 l/s)
Nonuniform

g)

c)

f)

e)

i)

h)

l)

k)

Run 8
(400 gr/min, 20 l/s)
Nonuniform

j)

b)

Figure 2.8 streamwise changes of the equilibrium total, sidewall corrected friction
coefficient Cf,b (a, d, g, j), friction coefficient associated with skin friction for the alluvial
patches, Cf,bas (b, e, h, k), and Sediment transport capacity over the exposed bedrock
reach, QbT (c, f, i, l). The green line denotes the location of alluvial-bedrock transition.
The black lines represent fully alluvial values downstream of the alluvial-bedrock
transition and the red ovals show the values in exposed bedrock runs downstream of the
alluvial-bedrock transition.
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Figure 2.9 Comparison between the measured (horizontal axis) and predicted (vertical
axis) bedload transport rates per unit width. Predictions are done with the Ashida and
Michiue bedload relation multiplied by the measured alluvial cover fraction. The grey
triangles are the points pertaining to experimental runs with exposed bedrock and the
black squares represent fully alluvial runs. The black line corresponds to perfect equality
and the dashed lines indicate ±50% difference between measured and predicted values.
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Middle (2.81m)

Downstream(4.81m)

Run 8

Run 6

Run 4

Upstream(0.81 m)

Figure 2.10 Comparison between measured and predicted grain size distributions of the
bed surface sediment. The black dots are the experimental data and the continuous grey
lines are the sediment size distributions predicted with the Ashida and Michiue bedload
transport relation. The error bars indicate a 10 % error.
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Figure 2.11 Vanoni (1975) diagram for bedform regime (grain size diameters of 0.93
mm, 1.20 mm, 1.35 mm). Blue stars are the points in Run 2, red pluses are the points in
Run 4, green triangles are the points in Run 6 and the purple diamonds are the Run 8.
Fully alluvial runs i.e., Runs 1, 3, 5 and 7 are respectively shown with blue, red, green
and purple squares.
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CHAPTER 3
MORPHODYNAMIC MODEL OF MIXED BEDROCK-ALLUVIAL REACHES
CARRYING NON-UNIFORM BED MATERIAL

3.1 Introduction
Over the past decades numerous studies focused on the morphodynamics of mixed
bedrock-alluvial rivers, in which a hardly erodible surface, the bedrock, interferes with inchannel sediment transport processes. Here I defined mixed bedrock-alluvial rivers as
those with more than 5% of the channel bed composed of exposed bedrock and having the
rest of the channel bed is covered with a relatively thin layer of alluvium (Howard, 1998).
Mixed bedrock-alluvial reaches have been frequently observed in upland areas, where the
bed material is relatively coarse and is preferentially transported as bedload and small scale
bedforms such as dunes are generally absent (e.g. Whipple et al., 2000; Whipple and
Tucker, 2002; Whipple, 2004; Sklar and Dietrich, 2004; Turowski et al., 2007; Gasparini
et al., 2007; Chatanantavet and Parker, 2008, 2009; Lamb et al., 2008; Lague, 2010, 2014;
Hodge et al., 2011, 2016; Chatanantavet et al., 2013; Johnson, 2014; Zhang et al., 2014;
Inoue et al., 2014). Recent field studies demonstrated that mixed bedrock-alluvial rivers
can also be found in lowland areas, where the bed material is relatively fine and small scale
bedforms are present (Nittrouer et al., 2011; Shaw et al., 2013; Shaw and Mohrig, 2014).

52

It has long been thought that mixed bedrock-alluvial channels do not represent an
equilibrium configuration of a river system. In other words, it was thought that they
represent a transient condition in response to a change in hydrology or sediment supply or
to a sudden change in base level (Howard, 1998). Equilibrium is a condition in which the
bed elevation averaged over time scales that are long compared to the time scales of
bedform migration (Blom et al., 2006) and bedload transport (Wong et al., 2007) is constant
in time (Anderson et al., 1975). In the case of alluvial systems with constant base level,
formative discharge and sediment supply, at equilibrium the bed material load is constant
in space and in time and is equal to the sediment supply and to the transport capacity of the
flow (e.g. Parker, 2004).

Further, in alluvial systems at equlibrium the grain size

distributions of the bed material load and of the bed surface are also constant in space and
time if abrasion, tributaries, subsidence and sea level changes are not accounted for (Blom
et al., 2016). In particular, the grain size distribution of the bed material load is equal to
the grain size distribution of the sediment supply, while the grain size distribution of the
bed surface sediment is generally coarser than the grain size distribution of the sediment
supply to regulate the different mobility of coarse and fine grains (Blom et al., 2016).
Viparelli et al. (2015) demonstrated that low slope mixed bedrock-alluvial rivers
might reach equilibrium conditions when the vertical distance between the bedrock surface
and the water surface base level is small enough to influence in-channel sediment transport
processes. It is important to note here than in the Viparelli et al. (2015) study equilibrium
in mixed bedrock-alluvial rivers was obtained when bedrock incision, sea level rise and
subsidence were not accounted for. One of the effects of bedrock incision, subsidence and
sea level rise is to increase the vertical distance between the downstream water surface base
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level and the bedrock surface. Thus, if these processes are accounted for, the mixed
bedrock-alluvial river will tend to become alluvial as the vertical distance between the
water surface base level and the bedrock surface increases in time.
Equilibrium in mixed bedrock-alluvial channels is characterized by steady but not
uniform flow conditions, and the spatial changes in mean flow velocity are associated with
spatial changes in the alluvial cover, i.e. the average fraction of the bed surface covered
with alluvium (Viparelli et al., 2015). In particular, in the case of flow acceleration the
alluvial cover decreases in the streamwise direction, and the opposite is observed in the
case of spatial flow deceleration (Viparelli et al., 2015). The experiments presented in
Chapter 2 of this dissertation showed that at equilibrium in mixed bedrock-alluvial rivers
not only the alluvial cover fraction but also the flow resistances change in the flow
direction. In particular, the experiments revealed that in the case of an equilibrium
condition associated with a streamwise increase in flow velocity, the flow resistances
decrease in the streamwise direction. This change in flow resistances is associated with
downstream fining of the bed surface (reduction of skin friction), streamwise decrease in
bedform height (reduction of form drag), or a combination of the two.
The downstream fining observed in the experiments can be explained recalling that
in alluvial rivers at equilibrium the elevation of the bed deposit and the grain size
distribution of the bed surface are constant in time. Thus, the total (i.e. summed over all
the grain sizes) and the grain size specific bed material transport rates are equal to the
transport capacity of the flow to guarantee mass conservation of bed material. In the case
of mixed bedrock-alluvial rivers at equilibrium the flow is steady but not uniform, and thus
the bed material transport capacity changes in space. The streamwise decrease in alluvial
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cover limits the sediment availability so that the bed material load is everywhere equal to
the sediment supply. Further, if the flow accelerates in the streamwise direction, as in the
experiments of Chapter 2, a stable pattern of downstream fining may form in the mixed
bedrock-alluvial reach. This pattern of downstream fining balances the increased transport
capacity of the flow and the grain size distribution of the bed material load is everywhere
equal to the grain size distribution of the sediment supply.
To the best of my knowledge, previous models of alluvial morphodynamics of
mixed bedrock-alluvial systems did not account for the non-uniformity of the bed material
and for the changes in flow resistances associated with a spatial change of the bedform
geometry (Lague, 2010; Zhang et al., 2014; Johnson, 2014; Viparelli et al., 2015). Here I
presented a one-dimensional formulation for the alluvial morphopdynamics of mixed
bedrock-alluvial rivers that accounts for the non-uniformity of the bed material and the
presence of small scale bedforms that influences flow resistances and sediment sorting
patterns. I validated the numerical model with the experiments presented in Chapter 2, and
then I applied the model to study the alluvial morphodynamics of a mixed bedrock-alluvial
river with an equilibrium flow that decelerates in the downstream direction.
3.2 Model formulation
The model formulation is not site specific, i.e. the model can be applied to either
field or laboratory scale and application-specific relations to compute the flow resistances
and the bed material transport capacity must be chosen based on the characteristics of the
problem. Model governing equations are the one-dimensional shallow water equations of
mass and momentum conservation for open channel flow and the equation of conservation
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of bed material. The following assumptions and approximations are introduced to simplify
the problem:
1.

The ratio between the volumetric bedload transport rate and the flow discharge is

assumed to be orders of magnitude smaller than one so that the quasi-steady approximation
holds for the flow (De Vries, 1965);
2.

The bedrock is assumed to be non-erodible. The extension of the formulation to

erodible bedrock surfaces is relatively straightforward (Lamb et al., 2008);
3.

For the application at laboratory scale, a procedure to account for the different

roughness between the smooth sidewalls and the rough bed is implemented (Vanoni and
Brooks, 1957);
4.

When applied at field scale the model describes the long-term evolution of the river

channel. It does not account for the exchange of sediment between the river channel and
the adjoining floodplain due to for example overbank deposition of suspended sediment,
channel migration and widening (e.g. Viparelli et al., 2011; Lauer et al., 2016);
5.

The base level is assumed constant, but the modification of the formulation to

account for subsidence, uplift or sea level rise is straightforward (Viparelli et al., 2015);
6.

Bed material is preferentially transported as bedload and thus suspended load can

be neglected. The implementation of suspended load calculations is also relatively simple
(Viparelli et al., 2015).
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7.

The cross section is assumed to be rectangular with uniform width that is not

allowed to change in time. The extension of the present formulation to a spatially varying
river cross section that does not change in time is cumbersome but not complex; and
8.

The active layer approximation is used to model the exchange of bed material

between the mobile bed and the bedload (Hirano, 1971; Parker, 1991a,b).
3.2.1 Model geometry
The schematic longitudinal profile of the modeled system is presented in Figure
3.1, where the black line represents the bedrock surface at elevation ηb, the grey line
denotes the surface of the alluvial bed at elevation η and ζ is water surface elevation. The
dashed line at elevation ηb+Lac identifies the minimum elevation of the alluvial bed such
that in-channel sediment transport processes are not affected by the underlying bedrock
surface (Viparelli et al., 2015). In other words, Lac represents the minimum thickness of
the alluvial cover for complete channel bed alluviation. When the elevation of the alluvial
bed η is smaller than ηb+Lac, in-channel sediment transport processes are affected by the
bedrock surface and the system is mixed bedrock-alluvial (Viparelli et al., 2015).

The location in which the elevation of the alluvial bed η is equal to ηb+Lac
separates a fully alluvial reach from a mixed bedrock-alluvial reach is indicated with a red
circle in Figure 3.1. In Figure 3.1 the red circle separates an upstream alluvial reach from
a downstream mixed bedrock-alluvial reach, i.e. it indicates the presence of an alluvialbedrock transition (Viparelli et al., 2015). A bedrock-alluvial transition forms when the
point with η = ηb +Lac separates an upstream mixed bedrock-alluvial reach from a
downstream alluvial reach. An equilibrium alluvial-bedrock transition may form when Sb
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< So and a bedrock-alluvial transition may form when Sb > So, with So denoting the
equilibrium slope of an alluvial channel subject to the same flow regime and bed material
load of the mixed bedrock-alluvial reach (Viparelli et al., 2015), and Sb being the slope of
the bedrock surface.
3.2.2 Flow equations
The one-dimensional shallow water equations of mass and momentum
conservation for open channel flow are presented in Equations (3-1) and (3-2) (Chaudhry,
2008).

H UH
+
=0
t
x


U
 U 2

+g
+ H  = g (S − S f
t
x  2 g


(3-1)

)

(3-2)

where x and t respectively represent a streamwise and a temporal coordinate, U and H
respectively denote the flow depth and the mean flow velocity, g is the acceleration of
gravity, S is the channel bed slope defined herein as the slope of the alluvial bed,

S = -¶h ¶x and Sf denotes the friction slope. Equations (3-1) and (3-2) are simplified with
the quasi-steady approximation (De Vries, 1975): the time derivatives in equations (3-1)
and (3-2) are dropped and the equations of conservation of flow mass and momentum
reduce to:
q w = UH

(3-3)
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)

(3-4)

where qw is the flow discharge per unit width. Substituting equation (3-3) into equation (34) the backwater equation for one-dimensional gradually varied steady flow is obtained

H S − S f
=
x 1 − Fr 2

(3-5)

where Fr is the Froude number defined as U

gH and Sf represents the friction slope.

Equation (3-5) is integrated in the upstream direction with the downstream boundary
condition expressed in terms of known water surface base level, as appropriate in the case
of subcritical flows. The friction slope Sf is defined as

Sf =

CfU 2

(3-6)

gH

where Cf is a non-dimensional friction coefficient. The calculation of Cf depends on the
problem of interest. In the model validation runs presented below, I computed it as a
function of the bed roughness with the Manning-Strickler formulation.
3.2.3 Equations of conservation of bed material
To account for the non-uniformity of the bed material grain size the sediment fluxes
between the alluvial bed and the bed material load are modeled with the aid of the active
layer approximation. In active layer-based models of alluvial systems, the deposit is
divided in two regions, the active layer and the substrate. The active layer represents the
topmost part of the deposit that interacts with the bed material load. It is modeled as a
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mixed layer, i.e. its grain size distribution can change in the streamwise direction and in
time but not in the vertical direction. The substrate is the part of the alluvial deposit
underneath the active layer. The substrate grain size distribution can change in space, i.e.
in the vertical and streamwise direction. Changes of the grain size distribution of the
substrate in time can occur due to changes in the mean elevation of the deposit, i.e. the
average elevation of the deposit averaged over a series of bedforms (Parker et al., 2000).
The definition of the active layer thickness La is not straightforward and relies on
observations. In gravel bed rivers, where small scale bedforms such as dunes are generally
absent (Parker and Klingemann, 1982), the active layer thickness scales with the coarsest
grain sizes of the bed surface material. In sand bed rivers where small scale bedforms are
generally present, the thickness of the active layer may scale with the bedform height
(Viparelli et al., 2013). In the continuing of this section, I illustrated how the active layer
approximation has been adapted to model the alluvial morphodynamics of a mixed
bedrock-alluvial channel transporting non-uniform bed material.
In active layer-based models two equations of conservation of bed material are
solved: the total, i.e. summed over all the grain sizes, equation of conservation of bed
material to compute the changes in the mean elevation of the deposit, and the grain size
specific equation of bed material to compute the streamwise and temporal changes of the
grain size distribution of the active layer.
i. Equation of conservation of bed material summed over all the grain sizes
In mixed bedrock-alluvial rivers the equation of conservation of total bed material
takes the following form (Zhang et al., 2015)
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(1 −  p ) pc

q

= − bT
t
x

(3-7)

where λp denotes the bulk porosity of the alluvial deposit, qbT is the total volumetric bed
material load per unit channel width and pc represents the alluvial cover defined as the
aerial fraction of the bed that is covered with alluvium (Nelson and Seminara, 2012; Inoue
et al., 2014 and Johnson, 2014). Here pc is modeled as in Viparelli et al. (2015) as
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with Lac denoting the minimum thickness of alluvial cover for complete alluviation of the
channel bed.
If the thickness of the alluvial deposit, η – ηb, is smaller than Lac, exposed bedrock
can be expected and pc < 1. If the thickness of the alluvial deposit is larger than Lac, the
system is fully alluvial, and pc is equal to 1. In the calculations presented below the total
volumetric bed material load per unit channel width is equal to the total volumetric bed
material transport capacity computed with an empirical relation, e.g. Ashida and Michiue
(1972) or Wilcock and Crowe (2003), multiplied by the areal fraction of the channel bed
covered with alluvium pc.
ii. Grain size specific equation of conservation of bed material
In the case of bed material with uniform density, the one-dimensional, grain size
specific conservation of bed material can be phrased as follows: the time rate of change of
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the volume of bed material with characteristic grain size Di in a control volume is equal to
the net influx of bed material with grain size Di in the control volume. In mixed bedrockalluvial rivers the grain size specific equation of conservation of bed material in the case
of constant bulk porosity of the deposit, λp, takes the form (see Zhang et al. (2015) for the
derivation in the case of uniform sediment)
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1- l p
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¶t hb
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(3-9)

where z denotes an upward oriented vertical coordinate, pb represents the fraction of
exposed bedrock at elevation z (Zhang et al., 2015), fi is the volume fraction content of bed
material with grain size Di in the alluvial deposit and can vary in space (x and z) and in
time, and qbi is the bedload transport rate of bed material particles with characteristic grain
size Di. In the case of a fully alluvial system the lower limit of integration in equation (39) refers to a point very deep in the alluvial deposit (Parker et al., 2000), here the lower
limit of integration corresponds to the elevation of bedrock surface. In analogy with the
formulation illustrated above for the calculation of the total, i.e. summed over all the
characteristic grain sizes, bed material load of sediment with characteristic grain size Di,
qbi is equal to the product of the grain size specific transport capacity of bed material with
characteristic grain size Di and of the cover fraction pc. The sum of the grain size specific
bedload transport rates qbi over all the grain size fractions is equal to the total bed material
load qbT.
The active layer approximation is used to solve the integral on the left-hand side of
equation (3-9). If ηb < η – La I expressed the integral as the sum of the integral of pbfi in the
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substrate, i.e. between ηb and η- La, and in the active layer, i.e. between η- La and η, with
La denoting the active layer thickness in the case of a fully alluvial system. If ηb > η– La,
the integral is equal to the product of pb and the grain size distribution of active layer
sediment.
Equation (3-10a) expresses the time rate of change of sediment with characteristic
grain size Di in a fully alluvial system, i.e. when ηb < η – La, Equation (3-10b) expresses
the time rate of change of sediment with characteristic grain size Di in a mixed bedrockalluvial system, i.e. when ηb > η – La
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where fi’ represents the volume fraction content of bed material with characteristic grain
size Di in the substrate, a function of z and x, and Fi is the volume fraction content of bed
material with characteristic grain size Di in the active layer, i.e. a function of x and time.
Recalling that in the present formulation I neglected bedrock incision, subsidence
and uplift, the limit of integration that are a function of time are η and La. Thus, the Leibnitz
rule is applied to solve the first integral on the right-hand side of equation (3-10a)
expressing the grain size specific fluxes of sediment between the active layer and the
substrate associated with changes in the elevation of the active layer – substrate interface
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where fIi denotes the volume fraction content of bed material with grain size Di at the active
layer-substrate interface and pbI the alluvial cover at the active layer-substrate interface.
The second integral on the right hand side of equation (3-10b) expressing the grain
size specific conservation of bed material in the active layer can be solved recalling that Fi
is not functions of z, and that the integral of pb between the active layer-substrate interface
represents the volume of sediment between elevations η – La and η, i.e. the average
thickness of the active layer La,av. In a fully alluvial system pb = 1, La,av = La and the integral
is equal to the time rate of change of FiLa. In mixed alluvial-bedrock reaches, due to the
presence of exposed bedrock La,av < La. Similarly, the integral in Equation (3-10b) is equal
to FiLa,av. Combining equations (3-9) - (3-11), the grain size specific equation of bed
material takes the form
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(3-12)

When ηb > η – La the first term in the left-hand side of equation (3-12) representing
the sediment fluxes between the active layer and the substrate is equal to zero. When the
elevation of the active layer-substrate interface is higher than the elevation of the bedrock
surface (ηb < η – La), the volume fraction content of bed material at the active layersubstrate interface, fIi, is computed with the formulation proposed by Hoey and Ferguson
(1994), as
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where 0<  <1 and fload,i is the volume fraction content of bed material in the generic grain
size range in bedload transport, which is equal to qbi/qbT.
As in the Zhang et al. (2015) formulation the fraction of exposed bedrock at
elevation z, pb, can vary in the streamwise direction and in time. It is, however, necessary
to specify a function to compute pb and solve the problem. Here, following Zhang et al.
(2015) and Viparelli et al. (2015) I defined the thickness of the alluvial cover, pc, as the
vertical distance between the locally averaged elevation of the alluvium, η, and the
elevation of the bedrock surface η b. Thus, pb (z = η) = pc (η) and I used equation (3-8) to
determine La,av and pbI in equation (3-12).
3.2.4 Flow resistances calculations
In alluvial rivers the flow resistances are generally associated with the presence of
a granular bed (skin friction) and with the presence of bedforms (form drag), and the
channel bed irregularities are modeled in terms of a roughness height that in the case of
skin friction scales with the bed material grain size (e.g. Parker, 2004). In mixed bedrockalluvial rivers part of the flow resistances are also associated with the irregularities of the
exposed bedrock surface.
Johnson (2014) proposed a model to determine the friction coefficient in mixed
bedrock-alluvial rivers that accounts for flow resistances associated with the alluvial
patches and the exposed bedrock on the channel bed. In particular, Johnson (2014) defined
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an equivalent friction coefficient for mixed bedrock-alluvial rivers equal to the weighted
average over the alluvial cover of the friction coefficients of the areas covered with
alluvium and of the exposed bedrock. To estimate the equivalent friction coefficient
Johnson (2014) considered 1) the grain roughness in the alluvial parts of the river bed, 2)
the macro roughness of the alluvial bed fluctuations and 3) the macro roughness associated
with bedrock surface fluctuations. Here I also considered the case in which the macro
roughness of the alluvial bed fluctuations is associated with small scale bedforms such as
dunes, which significantly contribute to the flow resistances.
In particular, I estimated the friction coefficient of the mixed bedrock-alluvial
reach, Cf, with the Manning-Strickler formulation (equation 3-14).

Cf

−1

2

= r (

Rh 1 / 6
)
kt

(3-14)

where  r is a constant equal to 8.1 in the present study (Parker, 1991), Rh denotes the
hydraulic radius of the bed region and kt represents an equivalent bed roughness height.
More details on the empirical relations for calculation of flow resistances are presented in
section 3.3.1
3.3 Empirical relations to validate the model at laboratory scale
The numerical framework presented above is validated against the laboratory
experiments presented in Chapter 2. In this section I described the empirical relations used
to model the laboratory experiments and the comparison between numerical and
experimental results is presented in section 3.4. The experiments presented in Chapter 2
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were performed either with relatively well sorted sand or with poorly sorted sand and were
specifically designed to investigate the equilibrium of mixed bedrock-alluvial channels.
The experiments were conducted in a sediment feed flume and the results of the runs with
a mixed bedrock-alluvial reach were compared with the results of alluvial equilibrium
experiments performed with the same feed rates and flow rates of mixed bedrock-alluvial
experiments.
In these experiments the model bedrock was a sheet of marine plywood glued on
the bottom of the flume. The roughness of the bedrock surface was modeled with uniform
sand grains of ~1 mm in diameter glued to the model bedrock. The experiments were
performed with constant feed rate, flow rate and water surface base level. The grain size
distribution of the sediments used in the experiments is presented in Figure 2.2 of chapter
2, in which the black line is the grain size distribution of the uniform sand with the
geometric mean diameter Dg = 1.11 mm and the geometric standard deviation σg = 1.44
and the grey line is the grain size distribution of the nonuniform sand with the geometric
mean diameter Dg = 0.87 mm and the geometric standard deviation σg = 1.69.
When the flow and the bedload transport system reached a condition of mobile bed
equilibrium, the average bed and water surface elevation were measured and the cover
fraction and the flow characteristics averaged over a series of bedforms were computed, as
illustrated in Chapter 2. The measurements of bed elevation provided information on the
spatial variability of bedform geometry in the mixed bedrock-alluvial reach. At the end of
the experiments surface sediment samples were collected to measure the grain size
distribution of the bed surface, defined as the entire thickness of the alluvial layer in the
mixed bedrock-alluvial reaches.
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3.3.1 Empirical relation to compute the flow resistances.
The experiments presented in Chapter 2 were performed in a 0.19 cm wide
laboratory flume, thus for a proper calculation of the flow resistances and of the shear
stresses acting on the channel bed the different roughness between the rough bed and the
smooth flume sidewalls must be accounted for (Vanoni and Brooks, 1957).

I thus

implemented the Vanoni and Brooks (1957) sidewall correction procedure as described in
Chiew and Parker (1994) to estimate flow resistances and bed shear stress from laboratory
data collected in narrow flumes, with the formulation illustrated in Chapter 2
Noting that during the experiments dunes formed and migrated downstream, the
sidewall corrected bed shear stresses accounted for different types of flow resistances, the
flow resistances associated with the presence of a granular bed (skin friction), the flow
resistances associated with the presence of bedforms (form drag) and the flow resistances
associated with the presence of the model bedrock. The form drag does not contribute to
bedload transport (e.g. Engelund and Hansen, 1967) and thus the bed shear stresses
associated with skin friction must be computed for the bedload transport calculation. The
procedure followed to partition the flow resistances associated with skin friction and form
drag (Einstein decomposition) is presented in Appendix. For the calculation of the flow
resistances with equations (3-14) I needed to determine the composite friction coefficient
of the alluvial parts and of the exposed bedrock which takes the following form (Johnson,
2014)

C fb = pcC fb,a +(1- pc )C fb,b

(3-15)
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Where Cfb denotes the total friction coefficient for the bed region which is computed with
the Vanoni and Brook (1957) procedure, Cfb,a is the bed friction coefficient for the alluvium
and Cfb,b is the bed friction coefficient for the exposed bedrock. Equations (3-16a and b)
are the friction coefficient for the alluvium and for the bed region respectively. Using a
Manning-Strickler formulation the friction coefficients for the alluvial and the bed regions
can be respectively computed as (Parker, 2004)

C fb, a

C fb, b

2

= r (

Rhb, a 1 / 6
)
kc

(3-16a)

2

= r (
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k sbr

(3-16b)
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where Rhb,a is the hydraulic radius associated with the alluvium, kc denotes the roughness
height of the alluvium including both form drag and skin friction, Rhb,b is the hydraulic
radius associated with the exposed bedrock and the ksbr represents the roughness height of
the bedrock which is 1 mm in the present study. Rhb,b is computed from manning
formulation as follows
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(3-17)

where Sf is the friction slope. Using equations (3-15, 3-16b and 3-17) I could compute Cfb,a
. Thus in equation 3-16a, I had two unknowns which are Rhb,a and kc . Assuming that the
friction slope is the same in both alluvium and exposed bedrock, which is equal to the
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friction slope of the entire cross section (Vanoni and Brooks, 1957), the following relation
linking friction coefficients and hydraulic radius is found.

C fb
Rhb

=

C fb,a

(3-18)

Rhb,a

Using equation 3-18 and 3-16a, I could compute the hydraulic radius and the
composite roughness for the alluvium and for the bed region. After obtaining the friction
coefficient for the alluvium, I could follow the procedure presented in Appendix A
(Einstein decomposition) to partition the alluvial resistances between the flow resistances
associated with skin friction and form drag. The friction coefficient associated with skin
friction is then used to compute the bedload transport.
3.3.2 Bedload transport formulation
The comparison between grain size specific bedload transport rates measured
during the experiments described in Chapter 2 and those predicted with the surface-based
version of the Ashida and Michiue (1972) bedload transport relation demonstrated that the
Ashida and Michiue formulation is able to reasonably reproduce the total and grain size
specific sediment fluxes in the experiments with exposed bedrock (Figures 2.9 and 2.10 of
Chapter 2). Thus, in the model validation presented below I implemented the Ashida and
Michiue bedload transport model to compute the grain size specific sediment fluxes.
The Ashida and Michiue (1972) bedload relation for mixtures of sediment particles
differing in size takes the form
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(3-19)

where the subscript i refers to the grain size range with characteristic grain size Di, qbi* is
the grain size specific Einstein number, i.e. the non-dimensional volumetric bed material
load per unit channel width, τbsi* is the grain size specific Shields number associated with
skin friction, i.e. the non-dimensional bed shear stress associated with skin friction, and
τrefi* is the grain size specific reference Shields number for the initiation of significant
bedload transport of particles with characteristic grain size Di (Parker, 2008).
The grain size specific Einstein number and the grain size specific Shields number
associated with skin friction are respectively defined in Equations (3-20) and (3-21)

qbi

qbi* =

 si* =

(3-20)

RgDi Di pc Fi

s

(3-21)

RgDi

where R denotes submerged specific gravity of the sediment, g represents the acceleration
of gravity. τs is the bed shear stress associated with skin friction and ρ denotes the water
density.
The grain size specific reference value of the Shields number of Equation (3-19) is
computed with the following hiding/exposure function
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where τ*srg is a reference value equal to 0.05 and Dsg represents the geometric mean
diameter of the bed surface sediment (Parker, 2008).
3.3.3 Definition of the minimum thickness of alluvial cover
In the experiments presented in Chapter 2 the exposed bedrock appeared
downstream of the lee faces of the dunes and the bed elevation measurements showed that
one of the results of the interaction between the bedform and the underlying non-erodible
surface was a reduction of the bedform height compared to fully alluvial experiments
performed with the same sediment feed rate and flow discharge, the formation of a stable
pattern of downstream fining in the mixed bedrock-alluvial reaches, or a combination of
the two. Further, Tuijnder et al. (2009) performed experiments on sand dunes migrating
on an immobile gravel layer and showed that the interaction between the gravel layer and
the bedforms became negligible when the average thickness of the alluvial layer was equal
or greater than ~1.5 times the bedform height.
Based on these experimental observations I set the minimum thickness of alluvial
cover for complete alluviation Lac to be 1.5 times the standard deviation of the bed
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elevation fluctuations which is a representative for bedform height, as discussed in Chapter
2. Noting that the formulation presented in Equation (3-8) has not been validated against
any experimental observation or field data, I compared the alluvial cover pc predicted with
equation (3-8) with the experimental measurements. The comparison is presented in Figure
3.2, where the grey dots represent the experimental measurements, the straight line
represents equation (3-8) and the dashed lines represent a 25% difference between
measurements and predictions. Noting that the difference between measurements and
predictions is larger than 25% in only 3 cases corresponding to ~10% of the experimental
points, I concluded that equation (3-7) can be reasonably used to predict the alluvial cover
fraction to perform one-dimensional, i.e. laterally averaged, simulations of the experiments
and can thus be used for model validation.
3.3.4 Active layer thickness
For the validation of the numerical model, I assumed that the active layer thickness
for the fully alluvial runs La is equal the standard deviation of the bed elevation
measurements in the fully alluvial runs. Noting that active layer-based models cannot
capture the fine details associated with bedform migration, I assumed that one standard
deviation of bed elevation fluctuation is a reasonable measure of the average thickness of
the layer that exchanges sediment with the bedload transport. In the calculations presented
herein the standard deviation of bed elevation at equilibrium in the fully alluvial runs made
non-dimensional with the geometric mean diameter of the bed surface is computed as a
function of the Froude number of the flow. The comparison between experimental
measurements and the proposed relation is presented in Figure 3.3. The data in Figure 3.3
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show that in the experiments the non-dimensional standard deviation of bed elevation
decreases with increasing Froude numbers, i.e. the dune height decreases as the Froude
number increases and the flow regime tends towards the upper regime (Chapter 2).
3.3.5 The flow of the calculation
The modeled domain is divided into N reaches bounded by N+1 computational
nodes. The model initial conditions are specified in terms of a longitudinal profile of
alluvial bed elevation averaged over a series of bedforms and the bed surface grain size
distribution. The model boundary conditions are assigned in terms of a longitudinal profile
of bedrock elevation, flow rate, sediment feed rate and sediment size distribution, and
downstream water surface base level. The flow equation (3-5) is integrated in the upstream
direction. The bed shear stresses are then estimated in each computational node, and the
sidewall correction and Einstein decomposition have been applied to the model to compute
the shear stresses associated with skin friction. The bedload transport rate is computed with
the surface-based version of the Ashida and Michiue (1972) formulation modified to
account for the presence of exposed bedrock (Viparelli et al., 2015) i.e. equations (3-19, 322). The equation of conservation of total bed material (equation 3-7) is then solved to
estimate the time rate of change of mean alluvial bed elevation and finally the grain size
specific equation of conservation of active layer sediment (equation 3-12) is solved to
update the grain size distribution of the bed surface. Given the new longitudinal profile of
alluvial bed elevation and the grain size distribution of the bed surface, the calculations are
repeated until the system reached equilibrium condition i.e. conditions in which the bed
elevation averaged over a series of bedforms does not change in time and the bedload
transport rate becomes equal to the upstream sediment supply in each node. In preparation
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for future field scale applications, the model has been implemented to end the calculations
when a user specified time period has been simulated.
3.4 Model validation at laboratory scale
The flow rates in the experiments presented in Chapter 2 and used for the model
validation at laboratory scale varied between 10 and 20 l/s and the feed rates ranged
between 700 gr/min and 400 gr/min. The model validation was performed in two phases:
equilibrium model results were first compared against the alluvial equilibrium experiments
to verify that the present formulation can reproduce the equilibrium characteristics of a
fully alluvial system. The second phase of the model validation consisted in the comparison
between experimental measurements and numerical predictions of the equilibrium in the
experiments with mixed bedrock-alluvial reaches. The model boundary conditions for the
validation runs are presented in Table 2.1 in chapter 2 in terms of flow rate, sediment feed
rate, sediment type (uniform or non-uniform sand), and downstream water surface base
level.
It is important to note here that the empirical relations used for the model validation
presented in section 3 and in Figure 2.9 of Chapter 2 show a reasonable agreement between
predicted and measured equilibrium values. Thus, in the model validation presented herein
significant differences between numerical predictions and experimental measurements
cannot depend on the empirical relations and, if they appear, they identify weaknesses and
limitations of the formulation for the alluvial morphodynamics of mixed bedrock-alluvial
rivers transporting non-uniform bed material.
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3.4.1 Alluvial equilibrium runs
The comparisons between measured and modeled alluvial equilibrium values of
equilibrium water depth, bed slope, bed shear stress associated with skin friction and the
geometric mean diameter of the surface material are respectively presented in Figures 3.4ad. In the plots of Figure 3.4 the numerical equilibrium values are on the horizontal axes
and the measured values are on the vertical axes. The continuous black lines denote the
perfect agreement between numerical predictions and experimental observations. Each
black diamond represents one alluvial equilibrium experiment (Table 2.1). The dashed
grey lines represent error bounds around the line of perfect agreement. Numerical
predictions of water depth, and thus flow velocity (Equation 3-3), are within 10% error
from the experimental observations. Numerical predictions of bed slopes are within 30%
error of the measured value. The comparison between numerical and experimental
predictions of shear stress associated with skin friction and geometric mean diameter of the
surface material respectively are within 30% and 10% error. The comparison between
numerical predictions and experimental observations presented in Figure 3.4 shows that,
given the model simplifications and the use of empirical relations to compute the flow
resistances and the sediment fluxes, the proposed model is able to capture the experimental
observations with errors that are comparable with those of other one-dimensional, active
layer-based models of alluvial morphodynamics (e.g. Viparelli et al., 2010; Viparelli et al.,
2014).
3.4.2 Equilibrium runs with a mixed bedrock-alluvial reach
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The comparison between the numerical predictions and the experimental
measurements is presented in Figure 3.5 in terms of water surface and bed elevations in
Figures 3.5 (panels a, c, f and i); alluvial cover in Figures 3.5 (panels b, d, g, and j); and
geometric mean diameter of the bed surface sediment in Figures 3.5 (panels e, h and k).
The comparison between numerical and experimental results for the runs with uniform
sand are presented in Figures 3.5 (panels a and b) i.e. Run 2. The comparisons between
numerical and experimental results for the runs with non-uniform bed material are in
Figures 3.5 (panels c-k). In particular, the comparison for Run 4 is in Figures 3.5 (panels
c-e), the comparison for Run 6 is in Figures 3.5 (panels f-h), and the comparison for Run
8 is in Figures 3.5 (panels i-k).
In Figures 3.5 (panels a, c, f and i) the black diamonds and the grey triangles
respectively represent measured values of water surface and alluvial bed elevation above
the bedrock. The continuous black line represents the numerical predictions of water
surface elevation, and the continuous grey lines are the numerical results of equilibrium
bed elevation. The error bars denote 10% error for the water surface elevation and 20%
error for bed surface elevation. The modeled equilibrium bed and water surface elevations
are in reasonable agreement with the experimental results in the mixed bedrock-alluvial
reaches (error smaller than 20%). The relatively large differences between numerical
predictions and experimental data in the alluvial reach in the upstream part of the modeled
domain are due to the empirical model for the calculation of the flow resistances. The
length of the alluvial reaches in the runs with exposed bedrock was chosen to be of
comparable length with the bedform development region, i.e. the region in which the
bedform grew and formed in the experimental runs. Noting that the relation to compute
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the standard deviation of bed elevation proposed in Figure 3.2 is based on equilibrium
values, i.e. values in which the bedforms are fully developed and thus larger than those
observed in the experiments, the model predicts flow resistances and water depths that are
larger than those measured in the experiments. Consequently, the predicted bed shear
stresses associated with skin friction and the bed material transport capacities predicted
with equations (3-20) and (3-21) are larger than those observed in the experimental runs,
and the numerical equilibrium bed slopes of the alluvial reaches are milder than those
measured during the experiments.
The comparison between numerical and predicted alluvial cover is presented in
Figures 3.5 (panels b, d, g and j) in which the black diamonds represent the experimental
points and the continuous lines are the corresponding numerical simulations. The alluvial
cover is unity where the reach is entirely covered with sediment (fully alluvial) and is less
than unity where the cross section is partially covered with sediment (mixed bedrockalluvial). The alluvial cover plots show that the model can reasonably capture the position
of the alluvial-bedrock transition. The sudden drop in the alluvial cover measured in the
experiments is not reproduced in the numerical simulations. In the mixed bedrock-alluvial
reaches the model can reproduce the observed rates of alluvial cover reduction in the
streamwise direction. In other words, the slope of the line indicating the numerical model
results is nearly parallel to the regression line through the experimental points in the mixed
bedrock-alluvial reaches.
The difference between numerical predictions of cover fraction and the
experimental results near the alluvial-bedrock transitions is associated with small scale
phenomena that cannot be captured with an active layer model, i.e. the flow separation on
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the downstream side of the bedforms and that caused a rapid increase in exposed bedrock
downstream of the lee faces.
The comparison between predicted and measured geometric mean diameters of the
equilibrium bed surface material are presented in Figures 3.5 (panels e, h and k). The black
diamonds represent the experimental points and the lines are the numerical model
prediction. The bars indicate the 5 % error and most of the points fall within these error
bars (except 2 points in the run 6 and 2 points in the run 8) suggesting a remarkably good
agreement between numerical and predicted grain size distributions of the bed surface
sediment.
The comparison between numerical and measured grain size distribution (GSD) of
the surface material is presented in Figure 3.6 for samples collected at 0.81 m, 2.81 m and
4.81 m from the test reach entrance. In this figure the black diamonds denote the
experimental grain sizes, the line is the model prediction and the bars indicate the 10 %
error in the plots. The comparison for Run 4 (flow rate of 20 l/s and feed rate of 700
gr/min) is presented in Figures 3.6 (panels a-c); Figures 3.6 (panels d-f) present the
comparison between numerical and experimental results for Run 6 (flow rate of 20 l/s and
feed rate of 400 gr/min); and the numerical and experimental results for Run 8 (flow rate
of 10/s and feed rate of 400 gr/min) are in Figure 3.6 (panels g-i). The panels of Figure 3.6
confirm that the proposed model is able to predict the grain size distribution of the
equilibrium bed surface (and thus the bed material fluxes) with errors that are comparable
(if not smaller) with those of one-dimensional models of alluvial morphodynamics (e.g.
Viparelli et al., 2010; Viparelli et al., 2014).
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3.5 Discussion
The validated model is used herein to study changes in flow resistances and the
associated sediment sorting patterns in bedrock reaches that for upstream of a stable
bedrock-alluvial transition, i.e. a transition from a mixed bedrock-alluvial reach to an
alluvial reach that forms when the slope of the bedrock surface Sb is larger than the
equilibrium slope of a river reach subject to the same flow regime and sediment supply.
Figure 3.7 schematically shows how a mixed bedrock-alluvial reach forms upstream of a
bedrock-alluvial transition. The black line shows the bedrock surface, the grey line denotes
the bed surface elevation, the blue line represents the water surface elevation and the
dashed grey line represents the minimum thickness for complete alluviation.
For these simulations I used the experimental conditions of Run 4, i.e. non-uniform
sand, feed rate equal to 700 gr/min and flow rate equal to 20 l/s. The numerical results are
presented in Figure 3.8, in which the panel (a) shows the equilibrium alluvial bed surface
elevation (orange line) and the bedrock elevation (black line). The dashed grey line
identifies the minimum thickness of alluvial cover for the complete alluviation of the
channel bed, the red circle and the dashed green line identify the equilibrium position of
the stable bedrock-alluvial transition. The spatial changes in water depth at equilibrium
are presented in Figure 3.8 panel (b), in which the blue line denotes the water depth and the
dashed green line identifies the position of the bedrock-alluvial transition. In the bedrock
reach upstream of the bedrock-alluvial transition the flow depth increases in the flow
direction until it reaches the alluvial equilibrium value Ho at the bedrock-alluvial transition.
The water depth remains constant in space and equal to Ho over the alluvial reach.
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The spatial increase in flow depth presented in Figure 3.8 panel (b) is associated
with a spatial decrease in mean flow velocity and bedload transport capacity of the flow.
Recalling that at equilibrium the bedload transport rate is equal to the sediment supply, a
spatial decrease of the bedload transport capacity has to be associated with an increase of
the alluvial cover fraction pc, equation (3-20). The predicted streamwise increase of the
alluvial cover fraction in the mixed bedrock-alluvial reach is presented in Figure 3.8 panel
(c), where the dashed green line identifies the location of the bedrock-alluvial transition.
In the alluvial reach pc = 1 and the bedload transport rate is everywhere equal to the bedload
transport capacity and to the sediment supply. Finally, the spatial variation of the geometric
mean diameter of the bed surface sediment, Dsg, is presented in Figure 3.8 panel (d). In the
equilibrium alluvial reach Dsg does not vary in space. In the mixed bedrock-alluvial reach
it increases in the flow direction until it reaches its alluvial equilibrium value at the
bedrock-alluvial transition. The coarsening of the bed surface sediment in the mixed
bedrock-alluvial reach can be explained considering that, due to the spatial deceleration of
the flow, the bed material transport capacity decreases in the flow direction. As the bed
material transport capacity decreases in the flow direction, the mobility of the coarse grains
significantly decreases compared to the mobility of the fine grains, and thus their volume
fraction content on the bed surface, Fi, has to increase to ensure the sediment mass
conservation, equation (3-20).
The numerical results presented in Figure 3.8 show that when the slope of the
bedrock surface is steeper than the alluvial equilibrium slope of a fluvial reach subjected
to the same flow and sediment supply, the flow characteristics on the mixed bedrockalluvial reach tend to be associated with a spatial deceleration of the flow associated with
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a streamwise increase of the alluvial cover and the formation of a pattern of downstream
coarsening of the bed surface sediment. Conversely, when the slope of the bedrock surface
is milder than the alluvial equilibrium slope of a river reach subjected to the same flow
regime and sediment supply (experiments of chapter 2), the flow hydrodynamics in the
mixed bedrock-alluvial reach is characterized by a spatial acceleration of the flow in the
streamwise direction associated with a reduction of alluvial cover and the formation of a
pattern of downstream fining of the bed surface sediment.
Due to the lack of predictive models describing the changes in bedform regime and
bedform size in mixed bedrock-alluvial reaches, the spatial changes in bedform geometry
have not been predicted with the simulations. Based on the experimental observations
presented in Chapter 2, I hypothesized that depending on the characteristics of the alluvial
equilibrium bedforms, the bedform height in mixed bedrock-alluvial reaches upstream of
a stable bedrock-alluvial transition may increase in the streamwise direction in the case of
lower regime bedforms. In other words, the experiments presented in Chapter 2 suggested
that in the case of spatial flow acceleration the bedform regime tend to move from dunes
to antidunes with a reduction of the flow resistances associated with form drag. In the case
of the spatial flow deceleration observed upstream of a stable bedrock-alluvial transition, I
expected to see an increase in dune height associated with an increase in flow depth,
reduction in mean flow velocity and increasing flow resistances associated with form drag.
3.6 Conclusions
I presented a novel one-dimensional mathematical formulation for the alluvial
morphodynamics of mixed bedrock-alluvial rivers that explicitly accounts for the non-
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uniformity of the sediment size and the different roughness between the exposed bedrock
and the alluvial patches. The alluvial flow resistances are further partitioned between skin
friction and form drag to properly estimate the sediment transport rates.
The formulation, implemented in a numerical model, has been validated against the
experimental results presented in Chapter 2. The differences between the numerical
predictions and the experimental observations in the mixed bedrock-alluvial reaches are
comparable with the differences between numerical and experimental values presented in
similar studies on the alluvial morphodynamics of fluvial reaches.
The model validation was performed in the case of an equilibrium mixed bedrockalluvial reach that formed downstream of an alluvial-bedrock transition, which may form
if the bedrock surface slope is smaller than the alluvial equilibrium slope of an alluvial
reach subjected to the same flow regime and sediment supply. This equilibrium case is
characterized by spatial flow acceleration on the mixed bedrock-alluvial reach associated
with a streamwise decrease of the alluvial cover, fining of the bed surface sediment and
reduction of dune height.
The application of the model to study the alluvial morphodynamics of mixed
bedrock-alluvial reaches that form upstream of a stable bedrock-alluvial transition, which
may form when the slope of the bedrock surface is larger than the slope of an alluvial reach
subjected to the same flow regime and sediment supply, reveals that the equilibrium flow
hydrodynamics of the mixed bedrock-alluvial reach is characterized by flow deceleration
in the downstream direction. The numerical simulations show that this flow deceleration
is associated with a streamwise increase of the alluvial cover fraction and the formation of
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a stable pattern of downstream coarsening of the bed surface sediment to balance the
reduction of the bedload transport capacity. Based on the experimental observations of
Chapter 2, I hypothesized that if dunes form on the alluvial reach, the bedform height in
the mixed bedrock-alluvial reach should increase in the flow direction.
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Figure 3.1 Schematic geometry of the modeled domain. Flow goes from left to right.
Black solid line is the bedrock surface. The grey line is the bed surface and blue thick line
represents the water surface. The red circle is showing the alluvial-bedrock transition.
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Pc=0.05+0.95*(η-ηb/Lac)

Figure 3.2 Alluvial cover fraction formulation of Viparelli et al. 2015 vs experimental
data.
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Figure 3.3 Flow resistance analysis of the experimental data. Dimensionless standard
deviation of the bed elevation fluctuation Vs Froude number. Grey diamonds represent
the mixed bedrock-alluvial points and black squares are the fully alluvial runs. The black
line represents the linear regression to mixed bedrock-alluvial points ( 𝜎⁄𝐷 =
𝑠𝑔

−25.97𝐹𝑟 + 23.50)
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a)

b)

c)

d)

Figure 3.4 Comparison of flow and sediment characteristics of numerical and
experimental results in fully alluvial cases. a) Water depth. b) bed slope. c) shear stress
associated with skin friction. d) geometric mean diameter of the surface material.
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Figure 3.5 Water and bed surface elevation, sediment cover fraction and geometric mean
diameter of the surface material for mixed bedrock-alluvial experiments (Runs 2, 4, 6 and
8 of chapter 2)
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400-10 nonuniform
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0.81 m

Figure 3.6 Grain size distribution of the surface material at upstream, middle and
downstream of the test reach. Grey lines represent the numerical model and the diamonds
denote the experimental data.
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Figure 3.7 Schematic plot of a mixed bedrock-alluvial upstream of the bedrock-alluvial
transition.
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Figure 3.8 Bedrock-alluvial transition. a) bed surface (orange line), bedrock elevation
(black line) and the minimum thickness of alluvial cover (dashed grey line). Red circle
indicates the bedrock-alluvial transition. b) water depth. the green dashed lines represent
the bedrock-alluvial transition. c) alluvial cover fraction. D) the geometric mean diameter
of the surface sediment
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CHAPTER 4
CONCLUSION

This dissertation presents laboratory experiments and mathematical modeling to
investigate the alluvial morphodynamics of mixed bedrock-alluvial rivers transporting
non-uniform bed material. Previous modeling studies of the alluvial morphodynamics of
mixed bedrock-alluvial rivers demonstrated that, in the absence of subsidence, uplift and
base level changes, mixed bedrock-alluvial reaches may reach a condition of equilibrium
if bedrock incision is also neglected. Numerical simulations performed in the case of a
constant friction coefficient and uniform sediment revealed that, based on the relative
magnitude of the bedrock surface slope, Sb, and the alluvial equilibrium slope of a reach
subject to the same flow regime and sediment supply, So, this equilibrium condition can
either be characterized by a flow acceleration or by a flow deceleration over the mixed
bedrock-alluvial reach.
Noting that bedform characteristics, grain size distribution of the bed surface
material and sediment transport rate depend on the flow regime and the sediment supply,
and that a perusal of the literature reveals that little is known about the alluvial
morphodynamics of mixed bedrock-alluvial rivers, laboratory experiments were
specifically designed to study the characteristics of the flow, of the bedload transport and
of the bedforms in mixed bedrock-alluvial rivers. The experiments were performed in the
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case of a “relatively mild”, bedrock surface, i.e. Sb < So, and the results were analyzed to
study the spatial changes in flow resistances and bedload transport capacities of the flow.
The main results of the experimental study can be summarized as follows: when
the bedrock surface slope is milder than the alluvial equilibrium slope of a reach subjected
to the same flow regime and sediment supply the alluvial morphodynamics of a mixed
bedrock-alluvial reach is characterized by
-

Flow acceleration (Figure 2.6 panels b, d, g and j) in the streamwise direction
due to the limited space to store sediment on the channel bed and to convey the
flow. This spatial flow acceleration is associated with a decreasing alluvial
cover in the direction of the flow;

-

Changes in bedform height compared to the alluvial equilibrium case. In
particular, in bedrock reaches the bedform height tends to be smaller than in the
fully alluvial case and, due to the flow acceleration, it may decrease in the flow
direction (Figure 2.6 panels a, c, f, i);

-

Formation of a pattern of downstream fining of the bed surface sediment in
response to the flow acceleration in the mixed bedrock-alluvial reach (Figure
2.6 panels e, h, k). Due to the increasing bed shear stress in the flow direction,
and the system tends towards equal mobility conditions (unarmored surface)
(Parker and Klinegman, 1982); The response of the bedforms and of the bed
surface grain size to the presence of a non-erodible surface seems to be
associated with the bedform regime (Figure 2.11). If the bedforms at
equilibrium in a fully alluvial system subject to the flow regime and sediment
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supply of the mixed bedrock-alluvial system are close to the dune-antidune
transition (upper regime plane bed), a streamwise reduction in bedform height
can be expected in the mixed bedrock-alluvial reach.

If the equilibrium

bedforms in a fully alluvial system with the same flow regime and sediment
supply of the mixed bedrock-alluvial system are well in the dune regime, the
formation of a stable pattern of downstream fining of the bed surface sediment
can be expected in the mixed bedrock-alluvial reach.
The streamwise decrease in bedform height and/or bed surface grain size observed
in the experiments results in a streamwise decrease in the flow resistances. This streamwise
decrease of the flow resistances was associated with an increase of the bed material
transport capacity in the mixed bedrock-alluvial reach, which balanced the streamwise
reduction in alluvial cover fraction. The comparison between the experimental data on
bedload transport and the grain size specific bedload transport rates estimated with the
Ashida and Michiue (1972) bedload transport relation showed that surface-based
formulations of bedload transport models were able to reasonably reproduce the grain size
specific bedload transport rates in mixed bedrock-alluvial reaches, if the alluvial cover is
used to balance the higher bedload transport capacities associated with the spatial flow
acceleration.
The mathematical formulation to model the alluvial morphodynamics of mixed
bedrock-alluvial rivers carrying non-uniform bed material was implemented in a onedimensional numerical model and validated against the experimental data presented in
Chapter 2. The validated model was used to characterize the flow hydrodynamics, the
bedload transport and the sediment sorting patterns in mixed bedrock-alluvial rivers with
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a bedrock slope steeper than So. This application revealed that at equilibrium when Sb > So
1) the flow decelerates in the streamwise direction in the mixed bedrock-alluvial reach, 2)
this spatial flow deceleration is associated with a streamwise decrease of the bed material
transport capacity, thus 3) the alluvial cover increases in the streamwise direction to
balance the reduction in the bed material transport capacity, and 4) a pattern of downstream
coarsening characterizes the bed surface sediment to balance the spatial changes in relative
mobility of coarse and fine sediment.
The proposed formulation for the alluvial morphodynamics of mixed bedrockalluvial rivers has been validated at laboratory scale. The field scale validation will be
performed on the lowermost ~30 kilometers of the Buech River in southeast of France.
The validated model will be then applied to study the impacts of anthropogenic activities
and restoration projects specifically designed to control in-channel sedimentation and
improve the quality of the riparian habitat.
The Buech River is a braided gravel bed river in the western Alps in South East
France that originates from the Massif du Dévoluy and joins the Durance River ~120 km
downstream from its source just upstream of the town of Sisteron. Anthropogenic
modification of the Buech River started in the 1800s with the construction of a system of
levees and dikes that narrowed the braidplain. Gravel mining from the active channel
started in the 1950s and ended in 2001, although minor gravel mining continued until 2012.
In 1992 Saint Sauveur dam was closed on the Buech River to divert the flow (up to 30
m3/s) to the Lazar power plant. After the closure of Saint Sauveur dam the coarse material
is entirely trapped in the reservoir and changes in river morphology have been observed in
the regulated reach of the Buech River. Field observations suggest that the gravel mining
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and the closure of Saint Sauveur dam caused widespread erosion of the Buech River
braidplain.
The closure of the St. Lazare dam on the Durance River few kilometers downstream
of the Buech River – Durance River confluence further affected the flow hydrodynamics
and the sediment transport regime in the lowermost part of the Buech River, which is now
in the backwater zone of St. Lazare reservoir, with a consequent increase of the water levels
and aggradation of the Buech River channel. In other words, the closure of St. Lazare dam
represents a sudden raise in the water surface base level for the Buech River that induces
channel bed aggradation towards equilibrium conditions that are enough to deliver the bed
material load to the Durance River.
The response of the Buech River to the construction of the St. Lazare dam
represents an increased flood risk for the city of Sisteron. In 2010 EDF, the French electric
company operating St. Lazare dam, started a program of flood control characterized by
sediment dredging in the lowermost 2 km of the Buech River braidplain to a depth of ~4
m. A total of ~800 m3 of gravel was excavated from the braidplain. The amount of sediment
accumulating in the dredged zone is evaluated biannually with two surveys, a winter survey
(typically in January) to evaluate the amount of sediment accumulating in the dredged area
and to decide if the zone needs to be dredged in the following summer. The summer survey
is then performed to determine the volume of sediment that needs to be dredged during the
summer low flow (typically in August).
The quantification of the impacts of the dredged zone on the morphology of the
Buech River upstream from the backwater zone of the St. Lazare dam and the prediction
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of the frequency of dredging operations are still a matter of debate. Sediment dredging in
the lowermost 2 km of the Buech River can be described as the creation volumes to be
filled with sediment to reduce channel bed aggradation in the upstream part of the system.
However, research is needed to predict the long term (several decades) impact of the
dredging on the Buech River upstream of the dredged zone.
In summary, the anthropogenic impacts on the Buech River between Saint Sauveur
dam and the confluence with St. Lazare dam resulted in a significant reduction of the gravel
supply, which is thought to have generated widespread erosion of the braidplain, and an
increase in the downstream relative base level which induced in-channel sediment
deposition.
The morphodynamics formulation presented in Chapter 3 and validated at field
scale using the available information to characterize the undisturbed Buech River
conditions will be used to 1) determine the long term evolution of the regulated Buech
River, 2) assess if the long term evolution of the Buech River will result in increasing flood
risk in the areas surrounding the Buech-Durance confluence, and 3) help EDF to design
the dredging of the gravel pit upstream of the Buech-Durance confluence. Finally, the
mathematical formulation presented in Chapter 3 of this dissertation will constitute the
foundational piece for future model development to assess the long-term impacts of river
restoration projects on the Buech River morphodynamics, on the aquatic and riparian
habitat.
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APPENDIX A

PROCEDURES TO REMOVE SIDEWALL EFFECTS AND EINSTEIN
DECOMPOSITION

Introduction
A.1 describes the procedure to remove the sidewall effects used to estimate the
value of the shear stress acting on the bed [Vanoni and Brooks, 1957; Chiew and Parker,
1990]. A.2 illustrates the procedure to partition the flow resistances between skin friction
and form drag i.e. the Einstein decomposition [Parker, 2004].
A.1 Procedure to remove the sidewall effects
To remove the effects of the smooth sidewalls and estimate the shear stress acting
on the rough bed, we followed the procedure introduced by Vanoni and Brooks [1957] as
outlined in Chiew and Parker [1994]. The main assumption is that the cross section can
be divided into two non-interacting regions, the bed region and the wall region. It is
further assumed that:
1) In wall and in the bed region the streamwise component of the gravity force is
balanced by the shear stresses acting on the walls and, on the bed, respectively;
2) The mean flow velocity U and the energy gradient Sf are the same in the entire cross
section, in the wall and in the bed region; and
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3) The Darcy Weisbach resistance relation can be applied to each region and to the entire
cross section.
Under these assumptions, the equations of mass and momentum conservation
respectively reduce to
𝐴𝑐𝑠 = 𝐴𝑤 + 𝐴𝑏

(A-1)

𝐶𝑓,𝑐𝑠 𝑃𝑐𝑠 = 𝐶𝑓,𝑤 𝑃𝑤 + 𝐶𝑓,𝑏 𝑃𝑏

(A-2)

with A denoting the cross-sectional area, P the wetted perimeter, and Cf a nondimensional friction coefficient equal to the Darcy-Weisbach friction factor f divided by
8. The subscripts cs, w and b respectively denote the entire cross section, the wall and the
bed region. In the case of a rectangular cross section, the wetted perimeter of the bed
region is equal to the section width and the wetted perimeter of the wall region is equal to
2H, with H denoting the water depth.
The condition that the energy gradient for the entire cross section is equal to the energy
gradient in the bed and in the wall region is expressed with the aid of the Darcy Weisbach
relation as follows
𝐶𝑓,𝑐𝑠 𝑈 2
𝑔𝑟𝑐𝑠

=

𝐶𝑓,𝑤 𝑈 2
𝑔𝑟𝑤

=

𝐶𝑓,𝑏 𝑈 2

(A-3)

𝑔𝑟𝑏

where g denotes the acceleration of gravity and r is the hydraulic radius, equal to the
cross-sectional area divided by the wetted perimeter. Equation (A-3) is simplified using
the definition of Reynolds number Re = rU/ν, with ν being kinematic viscosity of water:
𝐶𝑓,𝑐𝑠
𝑅𝑒𝑐𝑠

=

𝐶𝑓,𝑤
𝑅𝑒𝑤

=

𝐶𝑓,𝑏

(A-4)

𝑅𝑒𝑏
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The unknowns in equations (A-1), (A-2) and (A-4) are Cf,b, Cf,w, Ab and Aw. Thus,
a fourth equation is needed to solve the problem.
Noting that the flume sidewalls are smooth compared to the channel bed, which is
covered with sediment, we use the Nikuradse relation for smooth pipes (equation A-5) to
compute the friction coefficient of the bed region
1
√𝑓𝑤

= 0.86𝑙𝑛(4𝑅𝑒𝑤 √𝑓𝑤 ) − 0.8

(A-5)

Equations (A-1), (A-2), (A-4) and (A-5) are iteratively solved to compute the
friction coefficient and the area of the bed and of the wall regions. The sidewall
corrected friction coefficient, Cf,b, was used to compute the shear stress acting on the bed.
A.2 Partition of the flow resistances
When bedforms are present part of the drag is associated with the complex
interactions between the flow and the bedforms (form drag) and does not contribute
directly to bedload transport [Parker, 2004]. To perform sediment transport calculations,
it is thus necessary to estimate the part of the drag acting tangentially to the channel bed
(skin friction), which is thought to be responsible for moving the sediment in the flow
direction.
The skin friction is computed considering an ideal flow over a flat bed with the same
grain roughness, energy slope, Sf; and mean flow velocity, U, of the flow in the presence
of bedforms. To compute the hydraulic radius, rb,s and the bed friction coefficient, Cf,bs,
of this ideal flow, i.e. the values associated with skin friction, we used
1) a Manning-Strickler resistance formulation - equation (6) [Parker, 1991],
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2) the product of the hydraulic radius and the energy slope to compute the bed shear
stress – equations (7a) and (7b) [Chiew and Parker, 1994], and
3) the product of the non-dimensional friction coefficient and of the mean velocity
squared to compute the bed shear stress – equations (8a) and (8b) [Vanoni, 1975].
The system of equations to compute rb,s and Cf,bs takes the form
1

−0.5
𝐶𝑓,𝑏𝑠

=

𝑟
6
𝛼𝑟 ( 𝑘𝑏,𝑠 )
𝑠

(A-6)

𝜏𝑏 = 𝜌𝑅𝑟𝑏 𝑆𝑓

𝜏𝑏,𝑠 = 𝜌𝑅𝑟𝑏,𝑠 𝑆𝑓

(A-7a, b)

𝜏𝑏 = 𝜌𝐶𝑓,𝑏 𝑈 2

𝜏𝑏,𝑠 = 𝜌𝐶𝑓,𝑏𝑠 𝑈 2

(A-8a, b)

where 𝛼𝑟 is a constant equal to 8.1 [Parker, 2004], ks represents the roughness height, ρ is
the water density, g the acceleration of gravity and the subscript s indicates values that
are associated with skin friction.
Recalling that the energy slope and the mean flow velocity of the ideal flow considered
herein are equal to the energy slope and the mean flow velocity of the flow in presence of
bedforms, equations (A-7) and (A-8) are reduced to
𝐶𝑓,𝑏
𝑟𝑏

=

𝐶𝑓,𝑏𝑠

(A-9)

𝑟𝑏,𝑠

To compute Cf,bs and rb,s with equations (A-6) and (A-9) the roughness height ks has to be
specified. We assume that the roughness height is a linear function of the diameter of the
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bed surface sediment such that 90% of the sediment is finer, Ds90, i.e. ks = nkDs90, with nk
= 2 [Parker, 2004].
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